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Abstract
With the Marchenko method it is possible to retrieve the wave field inside a medium from its re-
flection response at the surface. To date, this method has predominantly been applied to naturally
occurring materials. In this paper we extend the Marchenko method for applications in metamate-
rials with, in the low-frequency limit, effective negative constitutive parameters. We illustrate the
method with a numerical example, which shows that the method works well for vertically propa-
gating plane waves and for dipping plane waves with small horizontal slownesses. The proposed
method has potential applications for example in non-destructive testing of layered materials.
PACS numbers: 41.20.Jb, 42.25.Bs, 43.20.+g
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I. INTRODUCTION
Building on classical inverse scattering theory [1–4], recent research has opened new ways
of retrieving the wave field inside a medium from its reflection response at the surface [5–13]
and using this for imaging [14–22]. These methods, named after Marchenko [1], have in
common that they account for multiple scattering inside the medium and yet require only a
single-sided reflection response as input, together with a background model of the medium.
To date, the Marchenko method has almost exclusively been applied to naturally occur-
ring materials (with the exception of an application to non-reciprocal materials [23]), but it
has not yet been applied to metamaterials with, in the low-frequency limit, effective negative
constitutive parameters. A classical reference on wave propagation in materials with nega-
tive permittivity and permeability is the paper by Veselago [24], in which it is shown that
such materials exhibit negative refraction. Since the discovery by Pendry [25] that negative
refraction makes a perfect lens there has been a significant interest in electromagnetic wave
propagation in metamaterials [26–34]. Almost simultaneously, after the first fabrication of
an elastic metamaterial with effective negative elastic parameters [35], much research has
been directed to wave propagation in elastic metamaterials [36–45].
In this paper we modify the Marchenko method for metamaterials. In section II we
formulate a unified wave equation that holds for elastodynamic and electromagnetic waves
in natural materials and metamaterials. Next, in section III, we derive representations for
the Marchenko method for a layered medium, consisting of a mix of natural materials and
metamaterials. Using these representations, in section IV we derive the modified Marchenko
method, which we illustrate with a numerical example in section V.
II. UNIFIED WAVE EQUATION
A. Basic equations
Throughout this paper we consider scalar wave propagation in the 2D plane. This allows
capturing different wave phenomena by a unified wave equation. We define the Cartesian
coordinate vector in the 2D plane as x = (x1, x3), where positive x3 denotes depth in a
horizontally layered medium. Quantities that are a function of space and time are denoted
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as u(x, t), where t stands for time. We define the temporal Fourier transform of u(x, t) as
u(x, ω) =
∫ ∞
−∞
u(x, t) exp(iωt)dt, (1)
where ω is the angular frequency and ı the imaginary unit. For convenience, quantities in the
time and frequency domain are denoted by the same symbol (here u). The inverse Fourier
transform is defined as
u(x, t) =
1
2pi
∫ ∞
−∞
u(x, ω) exp(−iωt)dω. (2)
Throughout this paper quantities in the time domain are real-valued, hence, equation (1)
implies u(x,−ω) = u∗(x, ω), where the asterisk denotes complex conjugation. Using this
property, the inverse Fourier transform can be rewritten as
u(x, t) =
1
pi
<
∫ ∞
0
u(x, ω) exp(−iωt)dω, (3)
where < denotes that the real part is taken. Since the integral is taken over positive fre-
quencies only, it is sufficient to restrict our derivations in the frequency domain to positive
frequencies. This avoids complications related to the sign of the frequency.
In the space-frequency domain, we consider the following system of unified equations in
the low-frequency limit for 2D wave propagation in an inhomogeneous, transverse isotropic
natural material or metamaterial
−iωαP + ∂1Q1 + ∂3Q3 = B, (4)
−iωβ1Q1 + ∂1P = C1, (5)
−iωβ3Q3 + ∂3P = C3. (6)
These equations hold for acoustic (AC), horizontally polarised shear (SH), transverse-electric
(TE) and transverse-magnetic (TM) wave fields. Operator ∂i stands for the partial differen-
tial operator ∂/∂xi. The wave fields [P (x, ω) andQi(x, ω)] and sources [B(x, ω) and Ci(x, ω)]
are space- and frequency-dependent macroscopic quantities. These are often denoted as 〈P 〉,
etc. [33], but for notational convenience we will not use the brackets. The medium parame-
ters [α(x3, ω) and βi(x3, ω)] are effective parameters (which, in a layered medium, are varying
in the x3-direction only). At layer interfaces, where the medium parameters are discontin-
uous, the unified boundary conditions state that the wave field quantities P and Q3 are
continuous.
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Table 1: Quantities in unified equations (4) to (6).
P Q1 Q3 α β1 β3 B C1 C3
AC p v1 v3 κ ρ11 ρ33 q F1 F3
SH v2 −τ21 −τ23 ρ22 4s1221 4s3223 F2 2h21 2h23
TE E2 H3 −H1 ε22 µ33 µ11 −Je2 −Jm3 Jm1
TM H2 −E3 E1 µ22 ε33 ε11 −Jm2 Je3 −Je1
The wave fields, sources and medium parameters are specified for the different wave phe-
nomena in Table 1. For AC and SH waves, p is the acoustic pressure, τij the stress, vi
the particle velocity, κ the compressibility, ρij the mass density, sijkl the compliance, q the
volume injection-rate density, Fi the external force density and hij the external deformation-
rate density. For TE and TM waves, Ei is the electric field strength, Hi the magnetic field
strength, εij the permittivity, µij the permeability, J
e
i the external electric current density
and Jmi the external magnetic current density.
For natural materials the real parts of the medium parameters α and βi are positive.
Such a medium will be called a double-positive (DPS) medium [30]. For metamaterials the
real part of one or more of the medium parameters is negative. When both α and βi have
negative real parts, we speak of a double-negative (DNG) medium [30]. To obey causality,
the parameters of a DNG medium are frequency-dependent and complex-valued [28]. The
sign of the imaginary parts of these parameters follows from the unified power balance
1
2
<
∫
D
(
C∗iQi +B
∗P
)
d2x =
1
2
<
∮
∂D
P ∗Qinidx +
ω
2
∫
D
(=(α)|P |2 + =(βi)|Qi|2)d2x, (7)
where = denotes that the imaginary part is taken, and D is an arbitrary spatial domain,
enclosed by boundary ∂D with outward pointing normal vector n = (n1, n3). The left-hand
side quantifies the power generated by the sources in D, the first term on the right-hand
side the power leaving D via its boundary and the second term on the right-hand side the
dissipated power in D. For a passive DNG medium the latter term must be positive, hence
the imaginary parts of α and βi are positive (and for a passive DPS medium they are positive
or zero).
In the following we separate the space- and frequency-dependency of the medium param-
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eters, for DPS as well as DNG media, according to
α(x3, ω) = α0(x3)hα(ω), (8)
βi(x3, ω) = βi,0(x3)hβ(ω), (9)
with positive real-valued α0(x3) and βi,0(x3). For DNG media, an often used model for the
frequency-dependent functions is the Drude model [26], where
hα(ω) = 1− ω
2
α
ω(ω + iΓα)
, (10)
hβ(ω) = 1−
ω2β
ω(ω + iΓβ)
, (11)
with small positive real-valued Γα and Γβ. Note that <(hα) < 0 for ω2 < ω2α − Γ2α and
=(hα) > 0 for all positive ω (and similar properties for hβ). Hence, in the low-frequency
limit these parameters obey the mentioned conditions for a DNG medium.
In the following we assume that the medium parameters (for DPS and DNG media) are
defined by the more general relations (8) and (9). Whenever we use the Drude model for
DNG media (equations (10) and (11)) we mention this explicitly.
B. Matrix-vector wave equation
We reorganise the basic equations (4) to (6) into a matrix-vector wave equation. This wave
equation is a suited starting point for the derivation of representations for the Marchenko
method in section III.
We define the spatial Fourier transform of a function u(x1, x3, ω) as
u˜(s1, x3, ω) =
∫ ∞
−∞
u(x1, x3, ω) exp(−iωs1x1)dx1, (12)
with s1 being the horizontal slowness. This transformation accomplishes a decomposition
of the wave field u(x1, x3, ω) into plane-wave components u˜(s1, x3, ω). We use equation
(12) to transform equations (4) to (6) from the space-frequency domain (x1, x3, ω) to the
slowness-depth-frequency domain (s1, x3, ω). Differentiations with respect to x1 thus become
multiplications by iωs1. Eliminating Q˜1 from the transformed equations, we obtain the
following matrix-vector wave equation [46–52]
∂3q˜ = A˜q˜ + d˜, (13)
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with wave vector q˜(s1, x3, ω) and source vector d˜(s1, x3, ω) defined as
q˜ =
 P˜
Q˜3
 and d˜ =
 C˜3
B˜ + s1C˜1/β1
 (14)
and matrix A˜(s1, x3, ω) defined as
A˜ =
 0 iωβ3
iωs23/β3 0
 , (15)
with
s23 = αβ3 − ηs21, with η = β3/β1. (16)
Note that vector q˜ defined in equation (14) contains the wave field quantities that are
continuous at interfaces between layers with different medium parameters. Moreover, these
quantities constitute the power flux density j in the x3-direction via j =
1
2
<{P˜ ∗Q˜3}. In the
matrix-vector notation this can be written as
j =
1
4
q˜†Kq˜, (17)
where † denotes transposition and complex conjugation and where matrix K is defined as
K =
0 1
1 0
 . (18)
The quantity s23 defined in equation (16) is the square of the vertical phase slowness. Using
equations (8) and (9) it can be written as
s23 =
1
c20
hαhβ − η0s21, (19)
with
c0 = (α0β3,0)
− 1
2 and η0 = β3,0/β1,0. (20)
Since hα and hβ are complex-valued functions, s
2
3 is complex-valued as well. Defining hα =
hrα + ih
i
α and hβ = h
r
β + ih
i
β we may write
<(s23) =
1
c20
(hrαh
r
β − hiαhiβ)− η0s21, (21)
=(s23) =
1
c20
(hrαh
i
β + h
i
αh
r
β). (22)
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For DPS media, with hrα, h
r
β, h
i
α, h
i
β all positive (or zero), we have =(s23) ≥ 0. For this
situation, Figure 1(a) illustrates s23 in the complex plane for a fixed frequency ω and variable
s1. For DNG media, with h
r
α, h
r
β both negative and h
i
α, h
i
β both positive, we have =(s23) < 0.
For this situation s23 is illustrated in the complex plane in Figure 1(b).
C. Decomposition of matrix-vector wave equation
We reorganise the matrix-vector wave equation into an equation for downgoing and up-
going waves. The eigenvalue decomposition of matrix A˜(s1, x3, ω) reads
A˜ = L˜Λ˜L˜−1, (23)
with Λ˜(s1, x3, ω), L˜(s1, x3, ω) and {L˜(s1, x3, ω)}−1 defined as
Λ˜ =
iωs3 0
0 −iωs3
 , (24)
L˜ =
 1 1
s3/β3 −s3/β3
 , (25)
L˜−1 =
1
2
1 β3/s3
1 −β3/s3
 . (26)
The vertical phase slowness s3, which is defined as the square-root of s
2
3, is illustrated in
Figures 1(c) and 1(d) for DPS and DNG media, respectively. In both cases there are two
square-roots, indicated by the two curves in these figures. In section II D we discuss how to
choose the proper square-roots.
We introduce a decomposed field vector p˜ and a decomposed source vector s˜ via
q˜ = L˜p˜, (27)
d˜ = L˜s˜, (28)
with
p˜ =
P˜+
P˜−
 , s˜ =
S˜+
S˜−
 . (29)
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<(s23)
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a)	DPS	 b)	DNG	=(s23)
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c)	DPS	 d)	DNG	
<(s3)
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FIG. 1: Squared slowness s23 in the complex plane for (a) DPS and (b) DNG medium. Slowness s3
in the complex plane for (c) DPS and (d) DNG medium. The solid curves in (c) and (d) represent
the proper square-roots of those in (a) and (b).
Substitution of equations (23), (27) and (28) into the matrix-vector wave equation (13)
yields
∂3p˜ =
(
Λ˜− L˜−1∂3L˜
)
p˜ + s˜. (30)
This is a coupled system of equations for the downgoing and upgoing wave fields P˜+ and
P˜−, respectively. We can express the power flux density j in the x3-direction in terms of
these wave fields by substituting q˜ = L˜p˜ into equation (17). Using equations (18) and (25)
we thus obtain
j =
1
4
q˜†Kq˜ =
1
4
p˜†L˜†KL˜p˜
=
1
2
<(s3/β3)(|P˜+|2 − |P˜−|2)+ =(s3/β3)=((P˜+)∗P˜−). (31)
D. Phase slowness
For the discussion on the sign of the vertical phase slowness s3, consider an independent
downgoing wave field P˜+ in a homogeneous medium. For this situation the power flux
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propagating propagating
evanescent evanescent
FIG. 2: As Figure 1, for the limiting case of vanishing loss parameters. The curves in (c) and (d)
are the proper square-roots of those in (a) and (b).
density can be written as
j =
1
2
<(s3/β3)|P˜+|2 =
hrβ<(s3) + hiβ=(s3)
2β3,0|hβ|2 |P˜
+|2, (32)
where we used equation (9) to express β3 in terms of the positive quantity β3,0 and hβ =
hrβ + ih
i
β. We now determine the signs of <(s3) and =(s3) such that P˜+ has a positive power
flux density in the positive x3-direction [24]. For DPS media, with h
r
β and h
i
β both positive,
we find that this condition is fulfilled when <(s3) ≥ 0 and =(s3) ≥ 0. Hence, the solid curve
in Figure 1(c) represents the proper square-root of s23. We write this square-root as
s3 = +
√
1
c20
hαhβ − η0s21, (33)
with the + sign in front of the square-root denoting that <(s3) ≥ 0. For DNG media, with
hrβ negative and h
i
β positive, we find that j is positive when <(s3) ≤ 0 and =(s3) ≥ 0. Hence,
for this situation the solid curve in Figure 1(d) represents the proper square-root of s23. We
write this square-root as
s3 = −
√
1
c20
hαhβ − η0s21, (34)
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with the − sign in front of the square-root denoting that <(s3) ≤ 0. Equations (33) and
(34) express the fact that the vertical phase slowness is positive for DPS media and negative
for DNG media. Given these square-roots, we find in the same way that j is negative for an
independent upgoing wave field P˜− in a homogeneous medium.
Figure 2 shows s23 and s3 in the complex plane for the limiting situation of vanishing
losses, i.e., vanishing imaginary parts of the medium parameters. Note that the real and
imaginary branches of s3 correspond to propagating and evanescent waves, respectively.
E. Group slowness
Despite the fact that the vertical phase slowness in a DNG medium is negative, the vertical
group slowness should be positive. This restricts the choice of models for the functions hα(ω)
and hβ(ω). We define the vertical group slowness as
sgr3 = <
(
∂(ωs3)
∂ω
)
. (35)
Substituting equation (34), taking for convenience hα(ω) = hβ(ω) = h(ω), we obtain
sgr3 = <
(
h(h+ ω ∂h
∂ω
)− η0c20s21
c20s3
)
. (36)
We analyse this expression for the Drude model of equations (10) and (11), with ωα = ωβ =
ω0 and Γα = Γβ = Γ, hence
h(ω) = 1− ω
2
0
ω(ω + iΓ)
(37)
and
h+ ω∂h/∂ω = 1 +
ω20
(ω + iΓ)2
. (38)
The condition for a DNG medium, <(h) < 0, requires ω2 < ω20 − Γ2.
We evaluate the sign of sgr3 for two special situations. First we consider vertically prop-
agating waves, i.e., s1 = 0. From equation (34) we find s3 = h/c0 for ω
2 < ω20 − Γ2. Using
this in equation (36) we obtain [26]
sgr3 =
<(h+ ω∂h/∂ω)
c0
=
1
c0
<
(
1 +
ω20
(ω + iΓ)2
)
. (39)
Assuming small Γ (a sufficient condition is Γ < ω), we find indeed that the vertical group
slowness sgr3 is positive.
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Next we consider non-zero s1 and analyse equation (36) for the limit Γ → 0. From
equations (37) and (38) we find h = 1−ω20/ω2 and h(h+ω∂h/∂ω) = 1−ω40/ω4. Using this
in equation (36) we obtain
sgr3 =
η0c
2
0s
2
1 + ω
4
0/ω
4 − 1
c20
√
(ω20/ω
2 − 1)2/c20 − η0s21
. (40)
For ω < ω0 the nominator is positive for all s1. For propagating waves the denominator is
real-valued and positive as well, hence sgr3 is positive for this situation.
III. REPRESENTATIONS FOR THE MARCHENKO METHOD
A. Propagation invariants for DPS and DNG media
We consider a medium configuration consisting of a homogeneous DPS upper half-space
x3 ≤ x3,0 and a horizontally layered lower half-space x3 > x3,0, which may consist of an
arbitrary mix of DPS and DNG layers. The effective medium parameters in this configura-
tion are α(x3, ω) and βi(x3, ω). These parameters may vary continuously as a function of
x3 within each layer and jump by a finite amount at layer interfaces. We assume that the
losses are small and for the derivation of the Marchenko method we ignore the imaginary
parts of α(x3, ω) and βi(x3, ω) (however, in the numerical example in section V we model
the input data with complex-valued medium parameters). Assuming that the sources are
restricted to the upper half-space x3 ≤ x3,0, the wave field inside the layers is governed by
wave equation (13) with d˜ = 0. Moreover, q˜ is continuous at layer interfaces. We derive
propagation invariants [53–56], which we will use for the derivation of the representations for
the Marchenko method in the next section. We consider two independent wave vectors q˜A
and q˜B and will show that q˜
t
ANq˜B and q˜
†
AKq˜B are propagation invariants (i.e., that they
are independent of the coordinate x3 for x3 > x3,0). Here superscript t denotes transposition
and matrix N is defined as
N =
 0 1
−1 0
 . (41)
Obviously the quantities q˜tANq˜B and q˜
†
AKq˜B are continuous at layer interfaces. Hence, to
show that these quantities are propagation invariants for the layered medium, it suffices
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to show that they are propagation invariants inside a layer. Evaluating ∂3{q˜tANq˜B} and
∂3{q˜†AKq˜B}, using equation (13) with d˜ = 0, we obtain
∂3{q˜tANq˜B} = q˜tAA˜tNq˜B + q˜tANA˜q˜B, (42)
∂3{q˜†AKq˜B} = q˜†AA†Kq˜B + q˜†AKA˜q˜B. (43)
Matrix A˜, defined in equation (15), obeys for real-valued medium parameters the following
symmetry relations
A˜tN = −NA˜, (44)
A˜†K = −KA˜. (45)
Hence, the right-hand sides of equations (42) and (43) are equal to zero, which confirms that
q˜tANq˜B and q˜
†
AKq˜B are propagation invariants.
Next, we derive propagation invariants for decomposed wave fields. Consider two inde-
pendent decomposed wave vectors p˜A and p˜B, which are related to q˜A and q˜B, respectively,
via equation (27). We obtain propagation invariants for these decomposed wave vectors by
substituting q˜A = L˜p˜A and q˜B = L˜p˜B into the propagation invariants q˜
t
ANq˜B and q˜
†
AKq˜B.
Using equations (18), (25) and (41), we obtain
q˜tANq˜B = p˜
t
AL˜
tNL˜p˜B = −2(s3/β3)p˜tANp˜B (46)
and
q˜†AKq˜B = p˜
†
AL˜
†KL˜p˜B = 2p˜
†
A
(<(s3/β3)J− i=(s3/β3)N)p˜B, (47)
with
J =
1 0
0 −1
 . (48)
From equations (29), (41) and (46) we obtain the propagation invariant
(s3/β3)
(
P˜+A P˜
−
B − P˜−A P˜+B
)
. (49)
From equations (29), (47) and (48) we obtain for propagating waves (i.e., for real-valued s3)
the propagation invariant
(s3/β3)
(
(P˜+A )
∗P˜+B − (P˜−A )∗P˜−B
)
. (50)
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<latexit sha1_base64="Sl4F4qEMa+ZWiqw9hAcGejQIHQk=">AAAB7nicbVDLS gNBEOyNrxhfUY9eBoPgQcJuIphjwIvHCOYByRJmJ5NkyOzsMtMrhiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZKNONNFslIdw JquBSKN1Gg5J1YcxoGkreDye3cbz9ybUSkHnAacz+kIyWGglG0Uvupn1av3Fm/WHLL7gJknXgZKUGGRr/41RtELAm5QiapMV3PjdFPqUbBJJ8VeonhMWUTOuJdSxUNufH TxbkzcmGVARlG2pZCslB/T6Q0NGYaBrYzpDg2q95c/M/rJjis+alQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1L2quXK/XWpXsviyMMZnMMle HADdbiDBjSBwQSe4RXenNh5cd6dj2VrzslmTuEPnM8fqoePGA==</latexit>
x3,F
<latexit sha1_base64="bSw5Pkx3YIADVVTDwAmm8QeYl6g=">AAAB7nicbVDLS gNBEOz1GeMr6tHLYBA8SNhNBHMMCOIxgnlAsoTZySQZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbEUBl3321lb39jc2s7t5Hf39g8OC0fHTRMlmvEGi2Sk2w E1XArFGyhQ8nasOQ0DyVvB+Gbmtx65NiJSDziJuR/SoRIDwShaqfXUSyuXt9NeoeiW3DnIKvEyUoQM9V7hq9uPWBJyhUxSYzqeG6OfUo2CST7NdxPDY8rGdMg7lioacuO n83On5NwqfTKItC2FZK7+nkhpaMwkDGxnSHFklr2Z+J/XSXBQ9VOh4gS5YotFg0QSjMjsd9IXmjOUE0so08LeStiIasrQJpS3IXjLL6+SZrnkVUrl+6tirZrFkYNTOIML8 OAaanAHdWgAgzE8wyu8ObHz4rw7H4vWNSebOYE/cD5/AMv1jy4=</latexit>
a)
f˜1(s1, x3, x3,F ,!)
<latexit sha1_base64="6uANdbMX01HTxEHdyOrqQXBIx1g=">AAACDXicbVDLS gMxFM3UV62vUZduglWoUMpMK+iyIIjLCvYBnWHIpHfa0MyDJCOWoT/gxl9x40IRt+7d+Temj4W2HriXwzn3ktzjJ5xJZVnfRm5ldW19I79Z2Nre2d0z9w9aMk4FhSaNeS w6PpHAWQRNxRSHTiKAhD6Htj+8mvjtexCSxdGdGiXghqQfsYBRorTkmSeOYrwHOPDskvTs8oOX1cbTXr4el504hD4588yiVbGmwMvEnpMimqPhmV9OL6ZpCJGinEjZta1 EuRkRilEO44KTSkgIHZI+dDWNSAjSzabXjPGpVno4iIWuSOGp+nsjI6GUo9DXkyFRA7noTcT/vG6qgks3Y1GSKojo7KEg5VjFeBIN7jEBVPGRJoQKpv+K6YAIQpUOsKBDs BdPXiatasWuVaq358V6dR5HHh2hY1RCNrpAdXSDGqiJKHpEz+gVvRlPxovxbnzMRnPGfOcQ/YHx+QMTZpo+</latexit>
f˜+1 (s1, x3,F , x3,F ,!) =
 3
2s3
<latexit sha1_base64="n3ox1Dyr1Sm Nzo887D5KTLt0JMI=">AAACJnicbVDLSgMxFM3Ud31VXboJFkGxlJlW0I0gCOJSw T6gU4dMeqcNZh4kd8Qy9Gvc+CtuXCgi7vwU0wei1QPJPZxzL8k9fiKFRtv+sHIzs3 PzC4tL+eWV1bX1wsZmXcep4lDjsYxV02capIighgIlNBMFLPQlNPzbs6HfuAOlRRx dYz+Bdsi6kQgEZ2gkr3DiopAdoIHn3Bzsac8p3XtZtXQ++K5uHEKX7Z+4gWI8c31 A5lUHWUWb2ysU7bI9Av1LnAkpkgkuvcKL24l5GkKEXDKtW46dYDtjCgWXMMi7qYaE 8VvWhZahEQtBt7PRmgO6a5QODWJlToR0pP6cyFiodT/0TWfIsKenvaH4n9dKMThu ZyJKUoSIjx8KUkkxpsPMaEco4Cj7hjCuhPkr5T1m4kCTbN6E4Eyv/JfUK2WnWq5cH RZPK5M4Fsk22SF7xCFH5JRckEtSI5w8kCfyQl6tR+vZerPex605azKzRX7B+vwCv yikGQ==</latexit>
x3,0
<latexit sha1_base64="Sl4F4qEMa+ZWiqw9hAcGejQIHQk=">AAAB7nicbVDLS gNBEOyNrxhfUY9eBoPgQcJuIphjwIvHCOYByRJmJ5NkyOzsMtMrhiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZKNONNFslIdw JquBSKN1Gg5J1YcxoGkreDye3cbz9ybUSkHnAacz+kIyWGglG0Uvupn1av3Fm/WHLL7gJknXgZKUGGRr/41RtELAm5QiapMV3PjdFPqUbBJJ8VeonhMWUTOuJdSxUNufH TxbkzcmGVARlG2pZCslB/T6Q0NGYaBrYzpDg2q95c/M/rJjis+alQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1L2quXK/XWpXsviyMMZnMMle HADdbiDBjSBwQSe4RXenNh5cd6dj2VrzslmTuEPnM8fqoePGA==</latexit>
x3,F
<latexit sha1_base64="bSw5Pkx3YIADVVTDwAmm8QeYl6g=">AAAB7nicbVDLS gNBEOz1GeMr6tHLYBA8SNhNBHMMCOIxgnlAsoTZySQZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbEUBl3321lb39jc2s7t5Hf39g8OC0fHTRMlmvEGi2Sk2w E1XArFGyhQ8nasOQ0DyVvB+Gbmtx65NiJSDziJuR/SoRIDwShaqfXUSyuXt9NeoeiW3DnIKvEyUoQM9V7hq9uPWBJyhUxSYzqeG6OfUo2CST7NdxPDY8rGdMg7lioacuO n83On5NwqfTKItC2FZK7+nkhpaMwkDGxnSHFklr2Z+J/XSXBQ9VOh4gS5YotFg0QSjMjsd9IXmjOUE0so08LeStiIasrQJpS3IXjLL6+SZrnkVUrl+6tirZrFkYNTOIML8 OAaanAHdWgAgzE8wyu8ObHz4rw7H4vWNSebOYE/cD5/AMv1jy4=</latexit>
b)
x✏3,0
<latexit sha1_base64="z5KfqcjSxfMtR8/SauAlWwTRvOM=">AAAB+XicbVBNS 8NAEN3Ur1q/oh69LBbBg5SkFeyx4MVjBfsBbSyb7aRdutmE3U2xhP4TLx4U8eo/8ea/cdPmoK0PBh7vzTAzz485U9pxvq3CxubW9k5xt7S3f3B4ZB+ftFWUSAotGvFIdn 2igDMBLc00h24sgYQ+h44/uc38zhSkYpF40LMYvJCMBAsYJdpIA9t+GqS1K2f+2IdYMZ5JZafiLIDXiZuTMsrRHNhf/WFEkxCEppwo1XOdWHspkZpRDvNSP1EQEzohI+g ZKkgIyksXl8/xhVGGOIikKaHxQv09kZJQqVnom86Q6LFa9TLxP6+X6KDupUzEiQZBl4uChGMd4SwGPGQSqOYzQwiVzNyK6ZhIQrUJq2RCcFdfXiftasWtVar31+VGPY+ji M7QObpELrpBDXSHmqiFKJqiZ/SK3qzUerHerY9la8HKZ07RH1ifPy/5k1c=</latexit>
S˜+(s1, x
✏
3,0,!)
<latexit sha1_base64="6oegMzKBygF 5mQvFUH+XXXXyQiE=">AAACEHicbVA9SwNBEN2L3/ErammzGETFEO6ioKVgYxnRG CF3OfY2k2Rxb/fY3RPDkZ9g41+xsVDE1tLOf+MmucKvBwOP92aYmRclnGnjup9OYW p6ZnZufqG4uLS8slpaW7/SMlUUGlRyqa4jooEzAQ3DDIfrRAGJIw7N6OZ05DdvQWk mxaUZJBDEpCdYl1FirBSWdnzDeAfwRXt/V4de5S7MDirusO1DohmXouLLGHpkLyy V3ao7Bv5LvJyUUY56WPrwO5KmMQhDOdG65bmJCTKiDKMchkU/1ZAQekN60LJUkBh0 kI0fGuJtq3RwVypbwuCx+n0iI7HWgziynTExff3bG4n/ea3UdI+DjIkkNSDoZFE3 5dhIPEoHd5gCavjAEkIVs7di2ieKUGMzLNoQvN8v/yVXtap3UK2dH5ZPankc82gTb aFd5KEjdILOUB01EEX36BE9oxfnwXlyXp23SWvByWc20A8471+u05uy</latexit >
G˜ (s1, x3,F , x✏3,0,!)
<latexit sha1_base64="tOdb6tFnpZk0ZzsKV0/QU9xnRQ8=">AAACGHicbVDLS gMxFM34tr5GXboJFqFCrTNV0GVBUJcVbCt06pBJb2toJhmSjFiGfoYbf8WNC0XcduffmD4Wvg5c7uGce0nuiRLOtPG8T2dmdm5+YXFpObeyura+4W5u1bVMFYUalVyqm4 ho4ExAzTDD4SZRQOKIQyPqnY38xj0ozaS4Nv0EWjHpCtZhlBgrhe5hYBhvA764PSjo0C8+hNlR8Xww6d7gNoBEMy5FMZAxdMl+6Oa9kjcG/kv8KcmjKaqhOwzakqYxCEM 50brpe4lpZUQZRjkMckGqISG0R7rQtFSQGHQrGx82wHtWaeOOVLaEwWP1+0ZGYq37cWQnY2Lu9G9vJP7nNVPTOW1lTCSpAUEnD3VSjo3Eo5RwmymghvctIVQx+1dM74gi1 NgsczYE//fJf0m9XPKPSuWr43ylPI1jCe2gXVRAPjpBFXSJqqiGKHpEz+gVvTlPzovz7nxMRmec6c42+gFn+AUy9Z6Y</latexit>
G˜+(s1, x3,F , x
✏
3,0,!)
<latexit sha1_base64="xJG9LEmt6ZM Jeuwqa3a6fohYGJ4=">AAACGHicbVDLSgMxFM34tr5GXboJFqFiqTNV0GVBUJcVb Ct06pBJb2toJhmSjFiGfoYbf8WNC0XcduffmD4Wvg5c7uGce0nuiRLOtPG8T2dmdm 5+YXFpObeyura+4W5u1bVMFYUalVyqm4ho4ExAzTDD4SZRQOKIQyPqnY38xj0ozaS 4Nv0EWjHpCtZhlBgrhe5hYBhvA764PSjo0C8+hNlR8Xww6d7gNoBEMy5FMZAxdMl +6Oa9kjcG/kv8KcmjKaqhOwzakqYxCEM50brpe4lpZUQZRjkMckGqISG0R7rQtFSQ GHQrGx82wHtWaeOOVLaEwWP1+0ZGYq37cWQnY2Lu9G9vJP7nNVPTOW1lTCSpAUEn D3VSjo3Eo5RwmymghvctIVQx+1dM74gi1NgsczYE//fJf0m9XPKPSuWr43ylPI1jC e2gXVRAPjpBFXSJqqiGKHpEz+gVvTlPzovz7nxMRmec6c42+gFn+AUvo56W</lat exit>
G˜(s1, x3, x
✏
3,0,!)
<latexit sha1_base64="l8xPXYDyxvlNvBV52I3L4QXDEMg=">AAACFHicbVDLS gMxFM34rPVVdekmWATFUmZaQZcFF7qsYB/QqUMmvW1DM8mQZMQy9CPc+CtuXCji1oU7/8b0sVDrgXs5nHMvyT1hzJk2rvvlLCwuLa+sZtay6xubW9u5nd26lomiUKOSS9 UMiQbOBNQMMxyasQIShRwa4eBi7DfuQGkmxY0ZxtCOSE+wLqPEWCnInfiG8Q7gyyMdeIX7IC2PJr3gjm59iDXjUhR8GUGPHAe5vFt0J8DzxJuRPJqhGuQ+/Y6kSQTCUE6 0bnlubNopUYZRDqOsn2iICR2QHrQsFSQC3U4nR43woVU6uCuVLWHwRP25kZJI62EU2smImL7+643F/7xWYrrn7ZSJODEg6PShbsKxkXicEO4wBdTwoSWEKmb/immfKEKNz TFrQ/D+njxP6qWiVy6Wrk/zldIsjgzaRwfoCHnoDFXQFaqiGqLoAT2hF/TqPDrPzpvzPh1dcGY7e+gXnI9v7Kudcw==</latexit>
G˜(s1, x3, x
✏
3,0,!)
<latexit sha1_base64="l8xPXYDyxvlNvBV52I3L4QXDEMg=">AAACFHicbVDLS gMxFM34rPVVdekmWATFUmZaQZcFF7qsYB/QqUMmvW1DM8mQZMQy9CPc+CtuXCji1oU7/8b0sVDrgXs5nHMvyT1hzJk2rvvlLCwuLa+sZtay6xubW9u5nd26lomiUKOSS9 UMiQbOBNQMMxyasQIShRwa4eBi7DfuQGkmxY0ZxtCOSE+wLqPEWCnInfiG8Q7gyyMdeIX7IC2PJr3gjm59iDXjUhR8GUGPHAe5vFt0J8DzxJuRPJqhGuQ+/Y6kSQTCUE6 0bnlubNopUYZRDqOsn2iICR2QHrQsFSQC3U4nR43woVU6uCuVLWHwRP25kZJI62EU2smImL7+643F/7xWYrrn7ZSJODEg6PShbsKxkXicEO4wBdTwoSWEKmb/immfKEKNz TFrQ/D+njxP6qWiVy6Wrk/zldIsjgzaRwfoCHnoDFXQFaqiGqLoAT2hF/TqPDrPzpvzPh1dcGY7e+gXnI9v7Kudcw==</latexit>
 3
2s3
R˜(s1, x3,0,!)
<latexit sha1_base64="pX1CSYjkBtmP/A8t9z8p/Yy1eHs=">AAACGXicbVDJS gNBEO1xN25Rj14agxAhhJlE0KPgxWMUs0AmDD2dmqRJz0J3jRiG/IYXf8WLB0U86sm/sbMcNPFBFY/3quiu5ydSaLTtb2tpeWV1bX1jM7e1vbO7l98/aOg4VRzqPJaxav lMgxQR1FGghFaigIW+hKY/uBr7zXtQWsTRHQ4T6ISsF4lAcIZG8vK2GyjGM9cHZF51lFW06S4K2QV6W9SeU3rwsmrJHpXcOIQeO/XyBbtsT0AXiTMjBTJDzct/ut2YpyF EyCXTuu3YCXYyplBwCaOcm2pIGB+wHrQNjVgIupNNLhvRE6N0aRArUxHSifp7I2Oh1sPQN5Mhw76e98bif147xeCik4koSREiPn0oSCXFmI5jol2hgKMcGsK4EuavlPeZi QpNmDkTgjN/8iJpVMpOtVy5OStcVmZxbJAjckyKxCHn5JJckxqpE04eyTN5JW/Wk/VivVsf09Ela7ZzSP7A+voB0X2fdw==</latexit>
 3
2s3
<latexit sha1_base64="xuvY6G5SF+cjjDFLWfJdc8XWFzA=">AAAB/XicbVDLS sNAFJ3UV62v+Ni5GSyCq5K0gi4LblxWsA9oQphMJ+3QySTM3Ag1FH/FjQtF3Pof7vwbp20W2nrgXg7n3MvcOWEquAbH+bZKa+sbm1vl7crO7t7+gX141NFJpihr00Qkqh cSzQSXrA0cBOulipE4FKwbjm9mfveBKc0TeQ+TlPkxGUoecUrASIF94kWK0NwLGZCgMc3r2vTArjo1Zw68StyCVFGBVmB/eYOEZjGTQAXRuu86Kfg5UcCpYNOKl2mWEjo mQ9Y3VJKYaT+fXz/F50YZ4ChRpiTgufp7Iyex1pM4NJMxgZFe9mbif14/g+jaz7lMM2CSLh6KMoEhwbMo8IArRkFMDCFUcXMrpiNi4gATWMWE4C5/eZV06jW3UavfXVab9 SKOMjpFZ+gCuegKNdEtaqE2ougRPaNX9GY9WS/Wu/WxGC1Zxc4x+gPr8wdK55UQ</latexit>
FIG. 3: (a) The focusing function f˜1 = f˜
+
1 + f˜
−
1 , defined in a truncated version of the actual
medium. (b) The Green’s function G˜ = G˜+ + G˜−, defined in the actual medium.
B. Representations
We use the propagation invariants of equations (49) and (50) to derive representations
for the Marchenko method. We introduce decomposed focusing functions (Figure 3(a)) and
Green’s functions (Figure 3(b)) and derive relations between them using (49) and (50), with
P˜±A and P˜
±
B replaced by the focusing functions and Green’s functions, respectively [14, 15].
First we discuss the Green’s functions. For the source quantities in equation (14) we take
B˜(s1, x3, ω) = δ(x3 − x3,0) and C˜i(s1, x3, ω) = 0, where x3,0 = x3,0 − , with  a vanishing
positive constant, so that the source of the Green’s function is located in the homogeneous
upper half-space, just above x3,0 (Figure 3(b)). For the wave field P˜ in equation (14) we
take P˜ = G˜(s1, x3, x

3,0, ω), with x

3,0 and x3 denoting the source and receiver coordinates of
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the Green’s function. We decompose the Green’s function at the receiver position x3 into
downgoing and upgoing components P˜+ = G˜+(s1, x3, x

3,0, ω) and P˜
− = G˜−(s1, x3, x3,0, ω),
respectively. According to equations (14), (25), (27) and (29), these components are related
to the total Green’s function P˜ = G˜(s1, x3, x

3,0, ω) via
G˜ = G˜+ + G˜−. (51)
Furthermore, according to equations (14), (26), (28) and (29), the decomposed Green’s
sources are related to the total Green’s source B˜(s1, x3, ω) = δ(x3 − x3,0) via
S˜±(s1, x3, ω) = ±(β3/2s3)δ(x3 − x3,0). (52)
The source S˜− radiates upgoing waves into the homogeneous half-space above x3,0, which will
not return into the layered medium and will therefore not be further considered. The source
S˜+ radiates downgoing waves into the medium below x3,0. Due to scattering in the layered
medium, the field at any depth x3 > x

3,0 consists of the downgoing and upgoing components
G˜+(s1, x3, x

3,0, ω) and G˜
−(s1, x3, x3,0, ω). At x3 = x3,0, i.e., at a vanishing distance  below
the source, the downgoing component reads
G˜+(s1, x3,0, x

3,0, ω) = (β3/2s3) lim
→0
exp{iωs3} = β3(x3,0, ω)
2s3(s1, x3,0, ω)
. (53)
This follows from equations (24), (29), (30) and (52), taking into account that the medium
between x3,0 and x3,0 is homogeneous. At the same depth level (x3 = x3,0) we relate the
upgoing component to the reflection response R˜(s1, x3,0, ω) of the layered medium, via
G˜−(s1, x3,0, x3,0, ω) =
β3(x3,0, ω)R˜(s1, x3,0, ω)
2s3(s1, x3,0, ω)
, (54)
where the factor β3/2s3 is introduced for convenience, to compensate for the source prop-
erties expressed by equation (52). The decomposed Green’s functions G˜+ and G˜− will be
substituted for P˜+B and P˜
−
B in the propagation invariants of equations (49) and (50). Table
2 shows these functions at depth level x3 = x3,0 (just below the source) and at an arbi-
trary depth level x3 = x3,F (with x3,F > x3,0) inside the layered medium. Note that for
convenience we dropped the superscript  from x3,0.
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Table 2: Quantities used in the propagation invariants of equations (49) and (50).
P˜+A (s1, x3, ω) P˜
−
A (s1, x3, ω) P˜
+
B (s1, x3, ω) P˜
−
B (s1, x3, ω)
x3 = x3,0 f˜
+
1 (s1, x3,0, x3,F , ω) f˜
−
1 (s1, x3,0, x3,F , ω)
β3(x3,0,ω)
2s3(s1,x3,0,ω)
β3(x3,0,ω)R˜(s1,x3,0,ω)
2s3(s1,x3,0,ω)
x3 = x3,F
β3(x3,F ,ω)
2s3(s1,x3,F ,ω)
0 G˜+(s1, x3,F , x3,0, ω) G˜
−(s1, x3,F , x3,0, ω)
Next we discuss the focusing functions [57]. We define these functions in a truncated version
of the actual medium (Figure 3(a)). This truncated medium is taken identical to the actual
medium above x3 = x3,F and homogeneous below this depth level. We call x3,F the focal
depth. Analogous to equation (51) we define the focusing function f˜1(s1, x3, x3,F , ω) as a su-
perposition of downgoing and upgoing components f˜+1 (s1, x3, x3,F , ω) and f˜
−
1 (s1, x3, x3,F , ω),
respectively, according to
f˜1 = f˜
+
1 + f˜
−
1 . (55)
The downgoing focusing function f˜+1 (s1, x3,0, x3,F , ω) is incident to the truncated layered
medium from the upper boundary x3,0 and is designed such that f˜
+
1 (s1, x3,F , x3,F , ω) focuses
at the focal depth x3,F . Inside the medium scattering takes place and the upgoing focusing
function f˜−1 (s1, x3,0, x3,F , ω) reaches the upper boundary x3,0. Below the focal depth x3,F the
focusing function continues propagating downward into the homogeneous lower half-space
of the truncated medium. We define T˜ (s1, x3,F , x3,0, ω) as the transmission response of the
truncated medium between x3,0 and x3,F . Hence, the propagation of the focusing function
from x3,0 to x3,F is described by
f˜+1 (s1, x3,F , x3,F , ω) = T˜ (s1, x3,F , x3,0, ω)f˜
+
1 (s1, x3,0, x3,F , ω). (56)
The left-hand side describes the focused field at x3,F . We could define this as
f˜+1 (s1, x3,F , x3,F , ω) = 1 (with the inverse Fourier transform of 1 being a temporal delta
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function). However, in analogy with the Green’s function at the source depth in equation
(53), we define the focused field at the focal depth as
f˜+1 (s1, x3,F , x3,F , ω) =
β3(x3,F , ω)
2s3(s1, x3,F , ω)
. (57)
From equations (56) and (57) it follows that the downgoing focusing function
f˜+1 (s1, x3, x3,F , ω) for x3 = x3,0 is related to the transmission response of the truncated
medium via
f˜+1 (s1, x3,0, x3,F , ω) =
β3(x3,F , ω)
2s3(s1, x3,F , ω)T˜ (s1, x3,F , x3,0, ω)
.
(58)
Since the truncated medium is homogeneous below the focal depth there is no upgoing field
at the focal depth, hence
f˜−1 (s1, x3,F , x3,F , ω) = 0. (59)
The decomposed focusing functions f˜+1 and f˜
−
1 will be substituted for P˜
+
A and P˜
−
A in the
propagation invariants of equations (49) and (50). Table 2 shows these functions at depth
levels x3 = x3,0 and x3 = x3,F . An underlying assumption for the propagation invariants is
that the fields P˜±A and P˜
±
B are defined in the same source-free medium. This condition is
fulfilled in the region between x3,0 and x3,F . Substituting the quantities of Table 2 into the
propagation invariant of equation (49) and equating the results for x3,0 and x3,F yields
G˜−(s1, x3,F , x3,0, ω) + f˜−1 (s1, x3,0, x3,F , ω) = R˜(s1, x3,0, ω)f˜
+
1 (s1, x3,0, x3,F , ω). (60)
In a similar way we obtain from the propagation invariant of equation (50) for propagating
waves
G˜+(s1, x3,F , x3,0, ω)− {f˜+1 (s1, x3,0, x3,F , ω)}∗ = −R˜(s1, x3,0, ω){f˜−1 (s1, x3,0, x3,F , ω)}∗. (61)
These representations express the downgoing and upgoing components of the Green’s func-
tion at an arbitrarily chosen depth level x3 = x3,F in terms of the reflection response at
the surface x3 = x3,0 and decomposed focusing functions. These representations hold for
a layered medium with an arbitrary mix of DPS and DNG layers. The reflection response
R˜(s1, x3,0, ω) can be obtained from measurements at the surface x3,0. According to equation
16
(58), the focusing function f˜+1 (s1, x3,0, x3,F , ω) could in principle be obtained from the trans-
mission response of the truncated medium. However, this would require detailed knowledge
of the medium between x3,0 and x3,F . In the next section we discuss the Marchenko method,
which enables retrieving the focusing functions from the reflection response at the surface
and a background model of the medium.
IV. THE MARCHENKO METHOD
We start by transforming the representations of equations (60) and (61) to the time
domain. Analogous to equation (3), we define the following inverse Fourier transform
u(s1, x3, τ) =
1
pi
<
∫ ∞
0
u˜(s1, x3, ω) exp(−iωτ)dω, (62)
where τ is the so-called intercept time [58]. Applying this inverse transform to equations
(60) and (61), we obtain
G−(s1, x3,F , x3,0, τ) + f−1 (s1, x3,0, x3,F , τ) (63)
=
∫ τ
−∞
R(s1, x3,0, τ − τ ′)f+1 (s1, x3,0, x3,F , τ ′)dτ ′
and
G+(s1, x3,F , x3,0, τ)− f+1 (s1, x3,0, x3,F ,−τ) (64)
= −
∫ τ
−∞
R(s1, x3,0, τ − τ ′)f−1 (s1, x3,0, x3,F ,−τ ′)dτ ′.
For the derivation of the Marchenko method we need time windows that suppress the
Green’s functions on the left-hand sides of representations (63) and (64), so that we are left
with two equations for the two focusing functions. First we briefly review these windows for
the situation of a layered medium consisting of DPS layers only. Figure 4 shows an example
of the functions in the left-hand sides of equations (63) and (64) for such a medium. Note that
these functions (represented by the solid lines) have been convolved with a symmetric band-
limited wavelet. Figures 4(a) and (b) show the functions in the left-hand side of equation
(64). The direct arrival of the downgoing Green’s function G+(s1, x3,F , x3,0, τ) in Figure 4(a)
coincides with the time-reversed direct arrival of the focusing function f+1 (s1, x3,0, x3,F , τ) in
Figure 4(b). For this focusing function we write
f+1 (s1, x3,0, x3,F , τ) = f
+
1,d(s1, x3,0, x3,F , τ) +M
+(s1, x3,0, x3,F , τ), (65)
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⌧d<latexit sha1_base64="uEsLQ/W5JkhlE9GGZJIDCEnrR18=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8ld0 q2GPBi8cK9gO6S8lm0zY0yS7JRChL/4YXD4p49c9489+YtnvQ1gcDj/dmmJkXZ4Ib8P1vb2Nza3tnt7RX3j84PDqunJx2TGo1ZW2ailT3YmKY4Iq1gYNgvUwzImPBuvHkbu53n5g2PFWPMM1YJMlI8SGnBJwUhkDsIA+1xMlsUKn 6NX8BvE6CglRRgdag8hUmKbWSKaCCGNMP/AyinGjgVLBZObSGZYROyIj1HVVEMhPli5tn+NIpCR6m2pUCvFB/T+REGjOVseuUBMZm1ZuL/3l9C8NGlHOVWWCKLhcNrcCQ4nkAOOGaURBTRwjV3N2K6ZhoQsHFVHYhBKsvr5NOvRZ c1+oPN9Vmo4ijhM7RBbpCAbpFTXSPWqiNKMrQM3pFb571Xrx372PZuuEVM2foD7zPHwzdkag=</latexit>
FIG. 4: The Green’s functions and focusing functions in the left-hand sides of equations (63)
and (64), for the situation of a layered medium consisting of DPS layers only. The time window
w(s1, τ), indicated by the dashed lines, is the same for all functions.
where f+1,d is the direct arrival and M
+ a coda, following the direct arrival (in Figure 4(b)
this coda is time-reversed and consists of a single event only, but more generally it consists
of multiple events). We define a time window w(s1, τ) = θ(τd(s1)− τ− τ), where θ(τ) is the
Heaviside step function, τd(s1) the traveltime of the direct arrival of the downgoing Green’s
function and τ is half the duration of the symmetric wavelet. This window is indicated by the
dashed lines in Figures 4(a) and (b). It suppresses the downgoing Green’s function in Figure
4(a) and the time-reversed direct arrival of the focusing function in Figure 4(b). It passes
the time-reversed coda M+(s1, x3,0, x3,F ,−τ) in Figure 4(b). Figures 4(c) and (d) show the
functions in the left-hand side of equation (63). Since the first arrival of the upgoing Green’s
18
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a)
⌧ (µs)
<latexit sha1_base64="VVomAtOgcNckBhAHYgAWVjTy0Vg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUp SBbssuHFZwT6gCWUynbZDZyZhHkII9VfcuFDErR/izr9x2mahrQcuHM65l3vviRJGlfa8b6ewsbm1vVPcLe3tHxweuccnHRUbiUkbxyyWvQgpwqggbU01I71EEsQjRrrR9Hbudx+JVDQWDzpNSMjRWNARxUhbaeCWA41McFkNuIF ZIDlUs4uBW/Fq3gJwnfg5qYAcrYH7FQxjbDgRGjOkVN/3Eh1mSGqKGZmVAqNIgvAUjUnfUoE4UWG2OH4Gz60yhKNY2hIaLtTfExniSqU8sp0c6Yla9ebif17f6FEjzKhIjCYCLxeNDIM6hvMk4JBKgjVLLUFYUnsrxBMkEdY2r5I NwV99eZ106jX/qla/v640G3kcRXAKzkAV+OAGNMEdaIE2wCAFz+AVvDlPzovz7nwsWwtOPlMGf+B8/gCMo5QG</latexit>
G+(s1, x3,F , x3,0, ⌧)
<latexit sha1_base64="3oMdB/rYNo957aP+dc5q30rnFZA=">AAACBnicbVDLSgMxFM3UV62vUZciBItQsZS ZVrDLgqAuK9gHtOOQSdM2NJMZkoxYhlm58VfcuFDErd/gzr8xbWehrQcu93DOvST3eCGjUlnWt5FZWl5ZXcuu5zY2t7Z3zN29pgwigUkDBywQbQ9JwignDUUVI+1QEOR7jLS80cXEb90TIWnAb9U4JI6PBpz2KUZKS655eHV3WpC uXXxw40rxMpl1Kyl2FYpOXDNvlawp4CKxU5IHKequ+dXtBTjyCVeYISk7thUqJ0ZCUcxIkutGkoQIj9CAdDTlyCfSiadnJPBYKz3YD4QuruBU/b0RI1/Kse/pSR+poZz3JuJ/XidS/aoTUx5GinA8e6gfMagCOMkE9qggWLGxJgg Lqv8K8RAJhJVOLqdDsOdPXiTNcsmulMo3Z/laNY0jCw7AESgAG5yDGrgGddAAGDyCZ/AK3own48V4Nz5moxkj3dkHf2B8/gAF0Zbn</latexit>
w+(s1, ⌧)
<latexit sha1_base64="TyVdH1Xs+QTTF+Z8HNkiQd DxzsM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiStiNgjkGvHiMYB6QrGF2MpsMmX040xsJId/hxYMiXv0Yb/ 6Nk2QPmljQUFR1093lxVJotO1va2V1bX1jM7OV3d7Z3dvPHRzWdZQoxmsskpFqelRzKUJeQ4GSN2PFaeBJ3vAG N1O/MeRKiyi8x1HM3YD2QuELRtFI7tPDeUF3nIs20uSsk8vbRXsGskyclOQhRbWT+2p3I5YEPEQmqdYtx47RHV OFgkk+ybYTzWPKBrTHW4aGNODaHc+OnpBTo3SJHylTIZKZ+ntiTAOtR4FnOgOKfb3oTcX/vFaCftkdizBOkIds vshPJMGITBMgXaE4QzkyhDIlzK2E9amiDE1OWROCs/jyMqmXis5lsXR3la+U0zgycAwnUAAHrqECt1CFGjB4hG d4hTdraL1Y79bHvHXFSmeO4A+szx9M05Ec</latexit>
⌧+on<latexit sha1_base64="IfHA04SBWVFn2pp2nFI/YlnEPbk=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0UQhJJ UwS4LblxWsA9oYphMJ+3QmUmYh1BDv8SNC0Xc+inu/BunbRbaeuDC4Zx7ufeeOGNUac/7dtbWNza3tks75d29/YOKe3jUUamRmLRxylLZi5EijArS1lQz0sskQTxmpBuPb2Z+95FIRVNxrycZCTkaCppQjLSVIrcSaGSiPJAcpmL 6cBG5Va/mzQFXiV+QKijQityvYJBiw4nQmCGl+r6X6TBHUlPMyLQcGEUyhMdoSPqWCsSJCvP54VN4ZpUBTFJpS2g4V39P5IgrNeGx7eRIj9SyNxP/8/pGJ40wpyIzmgi8WJQYBnUKZynAAZUEazaxBGFJ7a0Qj5BEWNusyjYEf/n lVdKp1/zLWv3uqtpsFHGUwAk4BefAB9egCW5BC7QBBgY8g1fw5jw5L86787FoXXOKmWPwB87nD4o3kvk=</latexit>
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b)
⌧ (µs)
<latexit sha1_base64="VVomAtOgcNckBhAHYgAWVjTy0Vg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUp SBbssuHFZwT6gCWUynbZDZyZhHkII9VfcuFDErR/izr9x2mahrQcuHM65l3vviRJGlfa8b6ewsbm1vVPcLe3tHxweuccnHRUbiUkbxyyWvQgpwqggbU01I71EEsQjRrrR9Hbudx+JVDQWDzpNSMjRWNARxUhbaeCWA41McFkNuIF ZIDlUs4uBW/Fq3gJwnfg5qYAcrYH7FQxjbDgRGjOkVN/3Eh1mSGqKGZmVAqNIgvAUjUnfUoE4UWG2OH4Gz60yhKNY2hIaLtTfExniSqU8sp0c6Yla9ebif17f6FEjzKhIjCYCLxeNDIM6hvMk4JBKgjVLLUFYUnsrxBMkEdY2r5I NwV99eZ106jX/qla/v640G3kcRXAKzkAV+OAGNMEdaIE2wCAFz+AVvDlPzovz7nwsWwtOPlMGf+B8/gCMo5QG</latexit>
f+1 (s1, x3,0, x3,F , ⌧)
<latexit sha1_base64="pl9uduLFPpDLi1CfFs4mqqyZpgs=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoWEv SCnZZEMRlBfuANobJdNIOnUzCzEQsIVs3/oobF4q49Q/c+TdO2yy0euByD+fcy8w9XsSoVJb1ZeSWlldW1/LrhY3Nre0dc3evLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vfDH1O3dESBryGzWJiBOgIac+xUhpyTWh79q3JyX p2uV7N6mVrXTeL9PyaV+h+Ng1i1bFmgH+JXZGiiBD0zU/+4MQxwHhCjMkZc+2IuUkSCiKGUkL/ViSCOExGpKephwFRDrJ7JIUHmllAP1Q6OIKztSfGwkKpJwEnp4MkBrJRW8q/uf1YuXXnYTyKFaE4/lDfsygCuE0FjiggmDFJpo gLKj+K8QjJBBWOryCDsFePPkvaVcrdq1SvT4rNupZHHlwAA5BCdjgHDTAFWiCFsDgATyBF/BqPBrPxpvxPh/NGdnOPvgF4+Mb34eX4Q==</latexit>
M+(s1, x3,0, x3,F , ⌧)
<latexit sha1_base64="9PTBeSloDFB5Kf8IOMWn5H WnbYw=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQsZaZVtBlQRA3QgX7gHYcMmnahmYyQ5IRyzA7N/6KGxeKuP UX3Pk3pu0stPXA5R7OuZfkHi9kVCrL+jYyC4tLyyvZ1dza+sbmlrm905BBJDCp44AFouUhSRjlpK6oYqQVCoJ8 j5GmN7wY+817IiQN+K0ahcTxUZ/THsVIack196/vjgvStYsPblwpWsm0XybFk45C0ZFr5q2SNQGcJ3ZK8iBFzT W/Ot0ARz7hCjMkZdu2QuXESCiKGUlynUiSEOEh6pO2phz5RDrx5I4EHmqlC3uB0MUVnKi/N2LkSznyPT3pIzWQ s95Y/M9rR6p37sSUh5EiHE8f6kUMqgCOQ4FdKghWbKQJwoLqv0I8QAJhpaPL6RDs2ZPnSaNcsiul8s1pvlpO48 iCPXAACsAGZ6AKrkAN1AEGj+AZvII348l4Md6Nj+loxkh3dsEfGJ8/frqXHg==</latexit>
f+1,d(s1, x3,0, x3,F , ⌧)
<latexit sha1_base64="iw2qL6FGFHCQjjdN9rApTvwU+Cw=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhVa0l aQZcFQVxWsA9oYphMJu3QyYOZiVhC/sGNv+LGhSJu3bjzb5y2WWjrgcs9nHMvM/e4MaNCGsa3trC4tLyyWlgrrm9sbm3rO7ttESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nGHl2O/c0+4oFF4K0cxsQPUD6lPMZJKcvRj30nNSmr xAHpZdndSFo5ZeXDSesXIpv0qq5xaEiVHjl4yqsYEcJ6YOSmBHE1H/7K8CCcBCSVmSIieacTSThGXFDOSFa1EkBjhIeqTnqIhCoiw08lNGTxUigf9iKsKJZyovzdSFAgxClw1GSA5ELPeWPzP6yXSv7BTGsaJJCGePuQnDMoIjgO CHuUESzZSBGFO1V8hHiCOsFQxFlUI5uzJ86Rdq5r1au3mrNSo5XEUwD44AGVggnPQANegCVoAg0fwDF7Bm/akvWjv2sd0dEHLd/bAH2ifP7WBnBo=</latexit>
w+(s1, ⌧)
<latexit sha1_base64="TyVdH1Xs+QTTF+Z8HNkiQd DxzsM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiStiNgjkGvHiMYB6QrGF2MpsMmX040xsJId/hxYMiXv0Yb/ 6Nk2QPmljQUFR1093lxVJotO1va2V1bX1jM7OV3d7Z3dvPHRzWdZQoxmsskpFqelRzKUJeQ4GSN2PFaeBJ3vAG N1O/MeRKiyi8x1HM3YD2QuELRtFI7tPDeUF3nIs20uSsk8vbRXsGskyclOQhRbWT+2p3I5YEPEQmqdYtx47RHV OFgkk+ybYTzWPKBrTHW4aGNODaHc+OnpBTo3SJHylTIZKZ+ntiTAOtR4FnOgOKfb3oTcX/vFaCftkdizBOkIds vshPJMGITBMgXaE4QzkyhDIlzK2E9amiDE1OWROCs/jyMqmXis5lsXR3la+U0zgycAwnUAAHrqECt1CFGjB4hG d4hTdraL1Y79bHvHXFSmeO4A+szx9M05Ec</latexit>
⌧+on<latexit sha1_base64="IfHA04SBWVFn2pp2nFI/YlnEPbk=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0UQhJJ UwS4LblxWsA9oYphMJ+3QmUmYh1BDv8SNC0Xc+inu/BunbRbaeuDC4Zx7ufeeOGNUac/7dtbWNza3tks75d29/YOKe3jUUamRmLRxylLZi5EijArS1lQz0sskQTxmpBuPb2Z+95FIRVNxrycZCTkaCppQjLSVIrcSaGSiPJAcpmL 6cBG5Va/mzQFXiV+QKijQityvYJBiw4nQmCGl+r6X6TBHUlPMyLQcGEUyhMdoSPqWCsSJCvP54VN4ZpUBTFJpS2g4V39P5IgrNeGx7eRIj9SyNxP/8/pGJ40wpyIzmgi8WJQYBnUKZynAAZUEazaxBGFJ7a0Qj5BEWNusyjYEf/n lVdKp1/zLWv3uqtpsFHGUwAk4BefAB9egCW5BC7QBBgY8g1fw5jw5L86787FoXXOKmWPwB87nD4o3kvk=</latexit>
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c)
⌧ (µs)
<latexit sha1_base64="VVomAtOgcNckBhAHYgAWVjTy0Vg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUp SBbssuHFZwT6gCWUynbZDZyZhHkII9VfcuFDErR/izr9x2mahrQcuHM65l3vviRJGlfa8b6ewsbm1vVPcLe3tHxweuccnHRUbiUkbxyyWvQgpwqggbU01I71EEsQjRrrR9Hbudx+JVDQWDzpNSMjRWNARxUhbaeCWA41McFkNuIF ZIDlUs4uBW/Fq3gJwnfg5qYAcrYH7FQxjbDgRGjOkVN/3Eh1mSGqKGZmVAqNIgvAUjUnfUoE4UWG2OH4Gz60yhKNY2hIaLtTfExniSqU8sp0c6Yla9ebif17f6FEjzKhIjCYCLxeNDIM6hvMk4JBKgjVLLUFYUnsrxBMkEdY2r5I NwV99eZ106jX/qla/v640G3kcRXAKzkAV+OAGNMEdaIE2wCAFz+AVvDlPzovz7nwsWwtOPlMGf+B8/gCMo5QG</latexit>
G (s1, x3,F , x3,0, ⌧)
<latexit sha1_base64="p6MuzlfMTjf3JAUoXxsKNVTjb70=">AAACBnicbVDLSgMxFM3UV62vUZciBItQoZa ZVrDLgqAuK9gHtOOQSdM2NJMZkoxYhlm58VfcuFDErd/gzr8xbWehrQcu93DOvST3eCGjUlnWt5FZWl5ZXcuu5zY2t7Z3zN29pgwigUkDBywQbQ9JwignDUUVI+1QEOR7jLS80cXEb90TIWnAb9U4JI6PBpz2KUZKS655eHV3WpC uXXxw40rxMpl1Kyl2FYpOXDNvlawp4CKxU5IHKequ+dXtBTjyCVeYISk7thUqJ0ZCUcxIkutGkoQIj9CAdDTlyCfSiadnJPBYKz3YD4QuruBU/b0RI1/Kse/pSR+poZz3JuJ/XidS/aoTUx5GinA8e6gfMagCOMkE9qggWLGxJgg Lqv8K8RAJhJVOLqdDsOdPXiTNcsmulMo3Z/laNY0jCw7AESgAG5yDGrgGddAAGDyCZ/AK3own48V4Nz5moxkj3dkHf2B8/gAJDZbp</latexit>
w (s1, ⌧)
<latexit sha1_base64="REZRY9XHHNhOwvOmaBVFwW 8X9Vg=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiaNiNgjkGvHiMYB6QrGF2MpsMmX040xsJId/hxYMiXv0Yb/ 6Nk2QPmljQUFR1093lxVJotO1va2V1bX1jM7OV3d7Z3dvPHRzWdZQoxmsskpFqelRzKUJeQ4GSN2PFaeBJ3vAG N1O/MeRKiyi8x1HM3YD2QuELRtFI7tPDRUF3nPM20uSsk8vbRXsGskyclOQhRbWT+2p3I5YEPEQmqdYtx47RHV OFgkk+ybYTzWPKBrTHW4aGNODaHc+OnpBTo3SJHylTIZKZ+ntiTAOtR4FnOgOKfb3oTcX/vFaCftkdizBOkIds vshPJMGITBMgXaE4QzkyhDIlzK2E9amiDE1OWROCs/jyMqmXis5lsXR3la+U0zgycAwnUAAHrqECt1CFGjB4hG d4hTdraL1Y79bHvHXFSmeO4A+szx9P75Ee</latexit>
⌧ on
<latexit sha1_base64="ieA0j81R0uuKPuYlEZGp3oJLOu4=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwY0m qYJcFNy4r2Ac0MUymk3bozCTMQ6ihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDGqtOd9O2vrG5tb26Wd8u7e/kHFPTzqqNRITNo4ZansxUgRRgVpa6oZ6WWSIB4z0o3HNzO/+0ikoqm415OMhBwNBU0oRtpKkVsJNDJRHkgOUzF 9uIjcqlfz5oCrxC9IFRRoRe5XMEix4URozJBSfd/LdJgjqSlmZFoOjCIZwmM0JH1LBeJEhfn88Ck8s8oAJqm0JTScq78ncsSVmvDYdnKkR2rZm4n/eX2jk0aYU5EZTQReLEoMgzqFsxTggEqCNZtYgrCk9laIR0girG1WZRuCv/z yKunUa/5lrX53VW02ijhK4AScgnPgg2vQBLegBdoAAwOewSt4c56cF+fd+Vi0rjnFzDH4A+fzB40/kvs=</latexit>
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d)
⌧ (µs)
<latexit sha1_base64="VVomAtOgcNckBhAHYgAWVjTy0Vg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUp SBbssuHFZwT6gCWUynbZDZyZhHkII9VfcuFDErR/izr9x2mahrQcuHM65l3vviRJGlfa8b6ewsbm1vVPcLe3tHxweuccnHRUbiUkbxyyWvQgpwqggbU01I71EEsQjRrrR9Hbudx+JVDQWDzpNSMjRWNARxUhbaeCWA41McFkNuIF ZIDlUs4uBW/Fq3gJwnfg5qYAcrYH7FQxjbDgRGjOkVN/3Eh1mSGqKGZmVAqNIgvAUjUnfUoE4UWG2OH4Gz60yhKNY2hIaLtTfExniSqU8sp0c6Yla9ebif17f6FEjzKhIjCYCLxeNDIM6hvMk4JBKgjVLLUFYUnsrxBMkEdY2r5I NwV99eZ106jX/qla/v640G3kcRXAKzkAV+OAGNMEdaIE2wCAFz+AVvDlPzovz7nwsWwtOPlMGf+B8/gCMo5QG</latexit>
f 1 (s1, x3,0, x3,F , ⌧)
<latexit sha1_base64="5/612S0MGBEIyd1wXq3Tjr70dsU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahQi1 JK9hlQRCXFewD2hgm00k7dDIJMxOxhCzd+CtuXCji1k9w5984bbPQ6oHLPZxzLzP3eBGjUlnWl5FbWl5ZXcuvFzY2t7Z3zN29tgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88cXU79wRIWnIb9QkIk6Ahpz6FCOlJdc89F379rQ kXbt87ya1spXO+2Va7isUn7hm0apYM8C/xM5IEWRouuZnfxDiOCBcYYak7NlWpJwECUUxI2mhH0sSITxGQ9LTlKOASCeZHZLCY60MoB8KXVzBmfpzI0GBlJPA05MBUiO56E3F/7xerPy6k1AexYpwPH/IjxlUIZymAgdUEKzYRBO EBdV/hXiEBMJKZ1fQIdiLJ/8l7WrFrlWq12fFRj2LIw8OwBEoARucgwa4Ak3QAhg8gCfwAl6NR+PZeDPe56M5I9vZB79gfHwDcG+XrA==</latexit>w (s1, ⌧)
<latexit sha1_base64="REZRY9XHHNhOwvOmaBVFwW 8X9Vg=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiaNiNgjkGvHiMYB6QrGF2MpsMmX040xsJId/hxYMiXv0Yb/ 6Nk2QPmljQUFR1093lxVJotO1va2V1bX1jM7OV3d7Z3dvPHRzWdZQoxmsskpFqelRzKUJeQ4GSN2PFaeBJ3vAG N1O/MeRKiyi8x1HM3YD2QuELRtFI7tPDRUF3nPM20uSsk8vbRXsGskyclOQhRbWT+2p3I5YEPEQmqdYtx47RHV OFgkk+ybYTzWPKBrTHW4aGNODaHc+OnpBTo3SJHylTIZKZ+ntiTAOtR4FnOgOKfb3oTcX/vFaCftkdizBOkIds vshPJMGITBMgXaE4QzkyhDIlzK2E9amiDE1OWROCs/jyMqmXis5lsXR3la+U0zgycAwnUAAHrqECt1CFGjB4hG d4hTdraL1Y79bHvHXFSmeO4A+szx9P75Ee</latexit>
⌧ on
<latexit sha1_base64="ieA0j81R0uuKPuYlEZGp3oJLOu4=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwY0m qYJcFNy4r2Ac0MUymk3bozCTMQ6ihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDGqtOd9O2vrG5tb26Wd8u7e/kHFPTzqqNRITNo4ZansxUgRRgVpa6oZ6WWSIB4z0o3HNzO/+0ikoqm415OMhBwNBU0oRtpKkVsJNDJRHkgOUzF 9uIjcqlfz5oCrxC9IFRRoRe5XMEix4URozJBSfd/LdJgjqSlmZFoOjCIZwmM0JH1LBeJEhfn88Ck8s8oAJqm0JTScq78ncsSVmvDYdnKkR2rZm4n/eX2jk0aYU5EZTQReLEoMgzqFsxTggEqCNZtYgrCk9laIR0girG1WZRuCv/z yKunUa/5lrX53VW02ijhK4AScgnPgg2vQBLegBdoAAwOewSt4c56cF+fd+Vi0rjnFzDH4A+fzB40/kvs=</latexit>
FIG. 5: As Figure 4, but for the situation of a layered medium consisting of DPS and DNG layers.
Note the different time windows w+(s1, τ) and w
−(s1, τ), indicated by the dashed lines.
function G−(s1, x3,F , x3,0, τ) arrives later than that of the downgoing Green’s function, the
time window w(s1, τ) suppresses the upgoing Green’s function in Figure 4(c). It passes the
focusing function f−1 (s1, x3,0, x3,F , τ) in Figure 4(d). Applying the window to both sides of
equations (63) and (64), the windowed equations can be solved for f−1 (s1, x3,0, x3,F , τ) and
M+(s1, x3,0, x3,F , τ), after which the Green’s functions follow from the unwindowed equations
[14, 15].
Next we discuss the time windows for the situation of a layered medium consisting of a
mix of DPS and DNG layers. Figures 5(a) and (b) show an example of the functions in the
left-hand side of equation (64) (again convolved with a symmetric band-limited wavelet).
Due to the highly dispersive character of the DNG layers, these functions are very different
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from their counterparts in Figures 4(a) and (b). Nevertheless, for the focusing function
f+1 (s1, x3,0, x3,F , τ) we can again distinguish between a direct arrival f
+
1,d and a coda M
+,
see Figure 5(b) and equation (65). We define a time window
w+(s1, τ) = θ(τ
+
on(s1)− τ), (66)
where τ+on(s1) is the traveltime of the onset of the downgoing Green’s function. This window
suppresses the downgoing Green’s function in Figure 5(a) and the time-reversed direct arrival
of the focusing function in Figure 5(b); it passes the time-reversed coda M+(s1, x3,0, x3,F ,−τ)
in Figure 5(b). Figures 5(c) and (d) show the functions in the left-hand side of equation
(63). The onset time τ−on(s1) of the upgoing Green’s function in Figure 5(c) is larger than
that of the downgoing Green’s function. Note, however, that f−1 (s1, x3,0, x3,F , τ) in Figure
5(d) exceeds not only the onset time of the downgoing Green’s function but also that of
the upgoing Green’s function. Hence, the upgoing Green’s function in Figure 5(c) and the
focusing function in Figure 5(d) cannot be uniquely separated by a time window. We define
a time window
w−(s1, τ) = θtap(τ−on(s1)− τ), (67)
where θtap(τ) is a tapered step function. It is indicated by the dashed lines in Figures
5(c) and 5(d). The taper should be chosen such that this window suppresses the upgo-
ing Green’s function in Figure 5(c) as good as possible and leaves the focusing function
f−1 (s1, x3,0, x3,F , τ) in Figure 5(d) as much as possible intact. It is unavoidable that this
approach leads to approximations, particularly in the situation of thin layers.
Assuming a proper window function w−(s1, τ) can be found, the application of this
window to both sides of equation (63), and window w+(s1, τ) to both sides of equation
(64), yields the following system of coupled Marchenko equations for f−1 (s1, x3,0, x3,F , τ) and
M+(s1, x3,0, x3,F , τ)
f−1 (s1, x3,0, x3,F , τ) = w
−(s1, τ)
∫ τ
−∞
R(s1, x3,0, τ − τ ′)f+1 (s1, x3,0, x3,F , τ ′)dτ ′ (68)
and
M+(s1, x3,0, x3,F ,−τ) = w+(s1, τ)
∫ τ
−∞
R(s1, x3,0, τ − τ ′)f−1 (s1, x3,0, x3,F ,−τ ′)dτ ′, (69)
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with f+1 (s1, x3,0, x3,F , τ) defined in equation (65). This system of equations can be solved by
the following iterative scheme
f−1,k(s1, x3,0, x3,F , τ) = w
−(s1, τ)
∫ τ
−∞
R(s1, x3,0, τ − τ ′)f+1,k(s1, x3,0, x3,F , τ ′)dτ ′ (70)
and
M+k+1(s1, x3,0, x3,F ,−τ) = w+(s1, τ)
∫ τ
−∞
R(s1, x3,0, τ − τ ′)f−1,k(s1, x3,0, x3,F ,−τ ′)dτ ′, (71)
with
f+1,k(s1, x3,0, x3,F , τ) = f
+
1,d(s1, x3,0, x3,F , τ) +M
+
k (s1, x3,0, x3,F , τ), (72)
starting with M+1 (s1, x3,0, x3,F , τ) = 0. Note that this scheme requires the measured reflec-
tion response R(s1, x3,0, τ) of the layered medium, estimates of the onset times τ
+
on(s1) and
τ−on(s1), and an estimate of the direct arrival of the focusing function, f
+
1,d(s1, x3,0, x3,F , τ).
Assuming a background model of the medium is available, the primary downgoing and up-
going waves can be modelled, from which the onset times can be retrieved. Moreover, the
direct arrival of the focusing function can be obtained, analogous to equation (58), from
the direct arrival of the transmission response T˜d(s1, x3,F , x3,0, ω) (i.e., the modelled primary
downgoing wave), according to
f˜+1,d(s1, x3,0, x3,F , ω) =
β3(x3,F , ω)
2s3(s1, x3,F , ω)T˜d(s1, x3,F , x3,0, ω)
, (73)
followed by an inverse Fourier transform.
Once the iterative scheme has converged, the retrieved focusing functions can be used in
representations (63) and (64) to obtain the decomposed Green’s functionsG−(s1, x3,F , x3,0, τ)
and G+(s1, x3,F , x3,0, τ) and, finally, the total Green’s function G(s1, x3,F , x3,0, τ) =
G+(s1, x3,F , x3,0, τ) + G
−(s1, x3,F , x3,0, τ). Note that the latter can be interpreted as the
response to a source at the surface x3,0, observed by a virtual receiver at x3,F inside the
medium. Using reciprocity, G(s1, x3,0, x3,F , τ) can be interpreted as the response to a virtual
source at x3,F inside the medium, observed by a receiver at x3,0. The retrieved Green’s
function contains the direct arrival and the primary and multiple reflections of the layered
medium. The direct arrival comes from the background model whereas the primary and
multiple reflections come from the measured reflection response at the surface.
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Next, we show how to obtain the response between a virtual source and a virtual receiver,
both inside the medium. To this end, note that the decomposed Green’s functions are
mutually related via[59, 60]
G−(s1, x3,F , x3,0, τ) =
∫ τ
−∞
R(s1, x3,F , τ − τ ′)G+(s1, x3,F , x3,0, τ ′)dτ ′, (74)
where R(s1, x3,F , τ) is the reflection response at depth level x3,F of the medium below this
depth level, assuming a homogeneous medium above this depth level. By inverting equation
(74), which is done by deconvolution, R(s1, x3,F , τ) is obtained from G
−(s1, x3,F , x3,0, τ)
and G+(s1, x3,F , x3,0, τ). This deconvolution process removes all the multiple reflections
occurring in the medium above x3,F . The retrieved reflection response R(s1, x3,F , τ) can be
interpreted as the response to a virtual source for downgoing waves at x3,F , observed by a
virtual receiver for upgoing waves at x3,F .
V. NUMERICAL EXAMPLE
We illustrate the Marchenko method with a numerical example for a horizontally layered
acoustic medium consisting of a mix of DPS and DNG layers, see Figure 6. All layers are
homogeneous and isotropic, with β1 = β3 = β, where β stands for the mass density (see
Table 1).
The DPS layers consist of natural non-dispersive materials, with hα(ω) = hβ(ω) = 1.
Hence, according to equations (8) and (9), the layer parameters simplify to α(ω) = α0 and
β(ω) = β0. In Figure 6, the parameters of the DPS layers are the mass density β0 and the
phase velocity c0 = (α0β0)
− 1
2 .
The DNG layers consist of dispersive metamaterials. For these layers we use the Drude
model of equations (10) and (11), with ωα = ωβ = ω0 and Γα = Γβ = Γ. Hence, hα(ω) =
hβ(ω) = h(ω) = 1 − ω
2
0
ω(ω+iΓ)
. For low frequencies (ω << ω0) this is approximated by
h(ω) = − ω20
ω(ω+iΓ)
. Using equations (8) and (9), we write
α(ω) = α0h(ω) = α¯0h¯(ω), (75)
β(ω) = β0h(ω) = β¯0h¯(ω), (76)
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DPS :
<latexit sha1_base64="7NvXc60eXG9m07 cG57BJMjIvB3c=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBYungh48VrQf2C4lm2bb 0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh4 1NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GF/P/PYTVZpF8sFMYuoLPJQsZAQbKz2mPSXQ TeP+atovltyyOwdaJV5GSpCh0S9+9QYRSQSVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSyU WVPvp/OIpOrPKAIWRsiUNmqu/J1IstJ6IwHYKbEZ62ZuJ/3ndxIQ1P2UyTgyVZLEoTDgyEZq 9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJq1L2LsqVu2qpXsviyMMJnMI5eHAJdbiFBjS BgIRneIU3RzsvzrvzsWjNOdnMMfyB8/kDx3qQTA==</latexit>
DPS :
<latexit sha1_base64="7NvXc60eXG9m07 cG57BJMjIvB3c=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBYungh48VrQf2C4lm2bb 0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh4 1NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GF/P/PYTVZpF8sFMYuoLPJQsZAQbKz2mPSXQ TeP+atovltyyOwdaJV5GSpCh0S9+9QYRSQSVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSyU WVPvp/OIpOrPKAIWRsiUNmqu/J1IstJ6IwHYKbEZ62ZuJ/3ndxIQ1P2UyTgyVZLEoTDgyEZq 9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJq1L2LsqVu2qpXsviyMMJnMI5eHAJdbiFBjS BgIRneIU3RzsvzrvzsWjNOdnMMfyB8/kDx3qQTA==</latexit>
DNG :
<latexit sha1_base64="CGf+FCKurx3rae 1ZAe4ZGEqQ+KQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgsVTQUFPUsF+YLuUbJpt Q5PskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+ QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ19VtPVGkWyQczjqkv8ECykBFsrPSYdpVA 13c3l5NeseSW3RnQMvEyUoIM9V7xq9uPSCKoNIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCq xoNpPZxdP0IlV+iiMlC1p0Ez9PZFiofVYBLZTYDPUi95U/M/rJCas+imTcWKoJPNFYcKRidD 0fdRnihLDx5Zgopi9FZEhVpgYG1LBhuAtvrxMmpWyd1au3J+XatUsjjwcwTGcggcXUINbqEM DCEh4hld4c7Tz4rw7H/PWnJPNHMIfOJ8/siSQPg==</latexit>
DNG :
<latexit sha1_base64="CGf+FCKurx3rae 1ZAe4ZGEqQ+KQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgsVTQUFPUsF+YLuUbJpt Q5PskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+ QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ19VtPVGkWyQczjqkv8ECykBFsrPSYdpVA 13c3l5NeseSW3RnQMvEyUoIM9V7xq9uPSCKoNIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCq xoNpPZxdP0IlV+iiMlC1p0Ez9PZFiofVYBLZTYDPUi95U/M/rJCas+imTcWKoJPNFYcKRidD 0fdRnihLDx5Zgopi9FZEhVpgYG1LBhuAtvrxMmpWyd1au3J+XatUsjjwcwTGcggcXUINbqEM DCEh4hld4c7Tz4rw7H/PWnJPNHMIfOJ8/siSQPg==</latexit>
x3,1 = 2 cm
<latexit sha1_base64="lPzyVzj95cWyowC1QVabC6TTP2A=">AAAB/HicbVDLSsNAFJ3U V62vaJduBovgopSkFexGKLhxWcE+oAlhMp20Q2eSMDMRQ4i/4saFIm79EHf+jdM2C209cOFwzr3ce48fMyqVZX0bpY3Nre2d8m5lb//g8Mg8PunLKBGY9HDEIjH0kSSMhqSnqGJkGAuCuM/I wJ/dzP3BAxGSRuG9SmPicjQJaUAxUlryzOqjl7Xqdn7ddOqZIzjEPPfMmtWwFoDrxC5IDRToeuaXM45wwkmoMENSjmwrVm6GhKKYkbziJJLECM/QhIw0DREn0s0Wx+fwXCtjGERCV6jgQv0 9kSEuZcp93cmRmspVby7+540SFbTdjIZxokiIl4uChEEVwXkScEwFwYqlmiAsqL4V4ikSCCudV0WHYK++vE76zYbdajTvLmuddhFHGZyCM3ABbHAFOuAWdEEPYJCCZ/AK3own48V4Nz6WrSW jmKmCPzA+fwBImZPc</latexit>
x3,0 = 0 cm
<latexit sha1_base64="JRShz7FScUdJV8/RoquwNrNaaek=">AAAB/HicbVDLSsNAFJ3U V62vaJduBovgopSkFexGKLhxWcE+oAlhMp20Q2eSMDMRQ4i/4saFIm79EHf+jdM2C209cOFwzr3ce48fMyqVZX0bpY3Nre2d8m5lb//g8Mg8PunLKBGY9HDEIjH0kSSMhqSnqGJkGAuCuM/I wJ/dzP3BAxGSRuG9SmPicjQJaUAxUlryzOqjl7XqVn5tOfXMERxinntmzWpYC8B1YhekBgp0PfPLGUc44SRUmCEpR7YVKzdDQlHMSF5xEklihGdoQkaahogT6WaL43N4rpUxDCKhK1Rwof6 eyBCXMuW+7uRITeWqNxf/80aJCtpuRsM4USTEy0VBwqCK4DwJOKaCYMVSTRAWVN8K8RQJhJXOq6JDsFdfXif9ZsNuNZp3l7VOu4ijDE7BGbgANrgCHXALuqAHMEjBM3gFb8aT8WK8Gx/L1pJ RzFTBHxifP0Psk9k=</latexit>
x3,2 = 4 cm
<latexit sha1_base64="HypbKyHGA1vvb39s//+LVJsyuIo=">AAAB/HicbVBNS8NAEN3U r1q/oj16WSyCh1KStmAvQsGLxwq2FZoQNttNu3Q3CbsbMYT4V7x4UMSrP8Sb/8Ztm4O2Phh4vDfDzDw/ZlQqy/o2ShubW9s75d3K3v7B4ZF5fDKQUSIw6eOIReLeR5IwGpK+ooqR+1gQxH1G hv7seu4PH4iQNArvVBoTl6NJSAOKkdKSZ1YfvaxVb+ZXbaeeOYJDzHPPrFkNawG4TuyC1ECBnmd+OeMIJ5yECjMk5ci2YuVmSCiKGckrTiJJjPAMTchI0xBxIt1scXwOz7UyhkEkdIUKLtT fExniUqbc150cqalc9ebif94oUUHHzWgYJ4qEeLkoSBhUEZwnAcdUEKxYqgnCgupbIZ4igbDSeVV0CPbqy+tk0GzYrUbztl3rdoo4yuAUnIELYINL0AU3oAf6AIMUPINX8GY8GS/Gu/GxbC0 ZxUwV/IHx+QNNRpPf</latexit>
x3,3 = 6 cm
<latexit sha1_base64="sWQ+LvcxWxpeQn/6SarWh1yGKYs=">AAAB/HicbVDLSsNAFJ34 rPUV7dLNYBFclJK0ot0IBTcuK9gHNCFMppN26EwSZiZiCPFX3LhQxK0f4s6/cdpmoa0HLhzOuZd77/FjRqWyrG9jbX1jc2u7tFPe3ds/ODSPjnsySgQmXRyxSAx8JAmjIekqqhgZxIIg7jPS 96c3M7//QISkUXiv0pi4HI1DGlCMlJY8s/LoZc1aM7++dGqZIzjEPPfMqlW35oCrxC5IFRToeOaXM4pwwkmoMENSDm0rVm6GhKKYkbzsJJLECE/RmAw1DREn0s3mx+fwTCsjGERCV6jgXP0 9kSEuZcp93cmRmshlbyb+5w0TFbTcjIZxokiIF4uChEEVwVkScEQFwYqlmiAsqL4V4gkSCCudV1mHYC+/vEp6jbrdrDfuLqrtVhFHCZyAU3AObHAF2uAWdEAXYJCCZ/AK3own48V4Nz4WrWt GMVMBf2B8/gBR85Pi</latexit>
x3,4 = 8 cm
<latexit sha1_base64="mta1p0kc4biytXj4n6mfCr4zJR8=">AAAB/HicbVBNS8NAEN3U r1q/oj16WSyCh1KStmAvQsGLxwq2FZoQNttNu3Q3CbsbMYT4V7x4UMSrP8Sb/8Ztm4O2Phh4vDfDzDw/ZlQqy/o2ShubW9s75d3K3v7B4ZF5fDKQUSIw6eOIReLeR5IwGpK+ooqR+1gQxH1G hv7seu4PH4iQNArvVBoTl6NJSAOKkdKSZ1YfvaxVb+dXHaeeOYJDzHPPrFkNawG4TuyC1ECBnmd+OeMIJ5yECjMk5ci2YuVmSCiKGckrTiJJjPAMTchI0xBxIt1scXwOz7UyhkEkdIUKLtT fExniUqbc150cqalc9ebif94oUUHHzWgYJ4qEeLkoSBhUEZwnAcdUEKxYqgnCgupbIZ4igbDSeVV0CPbqy+tk0GzYrUbztl3rdoo4yuAUnIELYINL0AU3oAf6AIMUPINX8GY8GS/Gu/GxbC0 ZxUwV/IHx+QNWoJPl</latexit>
c0 = 1000m/s
<latexit sha1_base64="UlXpZbRKubCkGh LIirX10YNFTLk=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCC6mZKtiNUHDjsoJ9QGcYMmmm DU0yQ5IR6lD8FTcuFHHrf7jzb0wfC60euHA4517uvSdKOdMGoS+nsLS8srpWXC9tbG5t77i7 ey2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o+H1xG/fU6VZIu/MKKWBwH3JYkawsVLoHpAQ XXkIIf8U5r4SUJzpceiWUQVNAf8Sb07KYI5G6H76vYRkgkpDONa666HUBDlWhhFOxyU/0zT FZIj7tGupxILqIJ9eP4bHVunBOFG2pIFT9edEjoXWIxHZToHNQC96E/E/r5uZuBbkTKaZoZL MFsUZhyaBkyhgjylKDB9Zgoli9lZIBlhhYmxgJRuCt/jyX9KqVrzzSvX2olyvzeMogkNwBE6 ABy5BHdyABmgCAh7AE3gBr86j8+y8Oe+z1oIzn9kHv+B8fAOolpNn</latexit>
 0 = 1000 kg/m
3
<latexit sha1_base64="COR+1Zy0O0sfPE464i046Hj4Hdc=">AAACBHicbVDLSsNAFJ34 rPUVddnNYBFcSJ20gt0IBTcuK9gHNDFMppN26EwSZiZCCV248VfcuFDErR/hzr9x2mahrQcuHM65l3vvCRLOlEbo21pZXVvf2CxsFbd3dvf27YPDtopTSWiLxDyW3QAryllEW5ppTruJpFgE nHaC0fXU7zxQqVgc3elxQj2BBxELGcHaSL5dcgOqsY+uHISQewYzVwo4GpyLyX3Nt8uogmaAy8TJSRnkaPr2l9uPSSpopAnHSvUclGgvw1Izwumk6KaKJpiM8ID2DI2woMrLZk9M4IlR+jC MpalIw5n6eyLDQqmxCEynwHqoFr2p+J/XS3VY9zIWJammEZkvClMOdQynicA+k5RoPjYEE8nMrZAMscREm9yKJgRn8eVl0q5WnFqlentRbtTzOAqgBI7BKXDAJWiAG9AELUDAI3gGr+DNerJ erHfrY966YuUzR+APrM8fuHKWMg==</latexit>
 0 = 2500 kg/m
3
<latexit sha1_base64="QZcWOoiqPNdm1d+dT1tPafo83Fw=">AAACBHicbVC7SgNBFJ2N rxhfq5ZpBoNgIXE2UUwjBGwsI5gHZNdldjKbDJnZXWZmhbCksPFXbCwUsfUj7PwbJ49CEw9cOJxzL/feEyScKY3Qt5VbWV1b38hvFra2d3b37P2DlopTSWiTxDyWnQAryllEm5ppTjuJpFgE nLaD4fXEbz9QqVgc3elRQj2B+xELGcHaSL5ddAOqsY+uKhcIuacwc6WAw/6ZGN9XfbuEymgKuEycOSmBORq+/eX2YpIKGmnCsVJdByXay7DUjHA6LripogkmQ9ynXUMjLKjysukTY3hslB4 MY2kq0nCq/p7IsFBqJALTKbAeqEVvIv7ndVMd1ryMRUmqaURmi8KUQx3DSSKwxyQlmo8MwUQycyskAywx0Sa3ggnBWXx5mbQqZadartyel+q1eRx5UARH4AQ44BLUwQ1ogCYg4BE8g1fwZj1 ZL9a79TFrzVnzmUPwB9bnD8Hxljg=</latexit>
c0 = 2500m/s
<latexit sha1_base64="1ZQHjMFCFiuHdB iErJwqvEHjhMU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCC6lJVexGKLhxWcE+oAlhMp20 Q2cmYWYi1FD8FTcuFHHrf7jzb5y2WWjrgQuHc+7l3nvChFGlHefbKiwtr6yuFddLG5tb2zv2 7l5LxanEpIljFstOiBRhVJCmppqRTiIJ4iEj7XB4M/HbD0QqGot7PUqIz1Ff0IhipI0U2Ac4 cK6rl47jncLMkxzyMzUO7LJTcaaAi8TNSRnkaAT2l9eLccqJ0Jghpbquk2g/Q1JTzMi45KW KJAgPUZ90DRWIE+Vn0+vH8NgoPRjF0pTQcKr+nsgQV2rEQ9PJkR6oeW8i/ud1Ux3V/IyKJNV E4NmiKGVQx3ASBexRSbBmI0MQltTcCvEASYS1CaxkQnDnX14krWrFPa9U7y7K9VoeRxEcgiN wAlxwBergFjRAE2DwCJ7BK3iznqwX6936mLUWrHxmH/yB9fkDsgOTbQ==</latexit>
 ¯0 =  2000 kg/m3
<latexit sha1_base64="twfl0qc9bhoM6LFKTtzWSn7Ig5c=">AAACCXicbVDLSsNAFJ3U V62vqEs3g0VwoXXSCnYjFNy4rGAf0MQwmU7aoTNJmJkIJXTrxl9x40IRt/6BO//GaZuFVg9cOJxzL/feEyScKY3Ql1VYWl5ZXSuulzY2t7Z37N29topTSWiLxDyW3QAryllEW5ppTruJpFgE nHaC0dXU79xTqVgc3epxQj2BBxELGcHaSL4N3QBLN6Aa++jytIoQck9g5koBR4MzMbmr+XYZVdAM8C9xclIGOZq+/en2Y5IKGmnCsVI9ByXay7DUjHA6KbmpogkmIzygPUMjLKjystknE3h klD4MY2kq0nCm/pzIsFBqLALTKbAeqkVvKv7n9VId1r2MRUmqaUTmi8KUQx3DaSywzyQlmo8NwUQycyskQywx0Sa8kgnBWXz5L2lXK06tUr05LzfqeRxFcAAOwTFwwAVogGvQBC1AwAN4Ai/ g1Xq0nq03633eWrDymX3wC9bHN0yTmCM=</latexit>
 ¯0 =  3000 kg/m3
<latexit sha1_base64="mHhCZxgmRRH5KKaSwNTbr4cMgX4=">AAACCXicbVDLSsNAFJ3U V62vqEs3g0VwoXXSCnYjFNy4rGAf0MQwmU7aoTNJmJkIJXTrxl9x40IRt/6BO//GaZuFVg9cOJxzL/feEyScKY3Ql1VYWl5ZXSuulzY2t7Z37N29topTSWiLxDyW3QAryllEW5ppTruJpFgE nHaC0dXU79xTqVgc3epxQj2BBxELGcHaSL4N3QBLN6Aa++jytIYQck9g5koBR4MzMbmr+XYZVdAM8C9xclIGOZq+/en2Y5IKGmnCsVI9ByXay7DUjHA6KbmpogkmIzygPUMjLKjystknE3h klD4MY2kq0nCm/pzIsFBqLALTKbAeqkVvKv7n9VId1r2MRUmqaUTmi8KUQx3DaSywzyQlmo8NwUQycyskQywx0Sa8kgnBWXz5L2lXK06tUr05LzfqeRxFcAAOwTFwwAVogGvQBC1AwAN4Ai/ g1Xq0nq03633eWrDymX3wC9bHN04pmCQ=</latexit>
c0 =  2000m/s
<latexit sha1_base64="kayZJwwHP/3IGV uqelArDBaKxmk=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgQmumCnYjFNy4rGAf0BmGTJq2 oUlmSDJCGQr+ihsXirj1O9z5N6btLLT1wIXDOfdy7z1Rwpk2CH07S8srq2vrhY3i5tb2zq67 t9/UcaoIbZCYx6odYU05k7RhmOG0nSiKRcRpKxreTvzWI1WaxfLBjBIaCNyXrMcINlYK3UMS opvzCkLIP4OZrwQUF3ocuiVURlPAReLlpARy1EP3y+/GJBVUGsKx1h0PJSbIsDKMcDou+qm mCSZD3KcdSyUWVAfZ9PwxPLFKF/ZiZUsaOFV/T2RYaD0Ske0U2Az0vDcR//M6qelVg4zJJDV UktmiXsqhieEkC9hlihLDR5Zgopi9FZIBVpgYm1jRhuDNv7xImpWyd1mu3F+VatU8jgI4Asf gFHjgGtTAHaiDBiAgA8/gFbw5T86L8+58zFqXnHzmAPyB8/kDF5STnw==</latexit>
c0 =  3000m/s
<latexit sha1_base64="DtVkhuCLvQY+Pk 8UCeVVC2THNzI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF1onrWA3QsGNywr2AU0Ik+mk HTqThJmJUELBX3HjQhG3foc7/8Zpm4W2HrhwOOde7r0nSDhTGqFvq7Cyura+UdwsbW3v7O7Z +wdtFaeS0BaJeSy7AVaUs4i2NNOcdhNJsQg47QSj26nfeaRSsTh60OOEegIPIhYygrWRfPuI +OjmooYQcs9h5koBxaWa+HYZVdAMcJk4OSmDHE3f/nL7MUkFjTThWKmegxLtZVhqRjidlNx U0QSTER7QnqERFlR52ez8CTw1Sh+GsTQVaThTf09kWCg1FoHpFFgP1aI3Ff/zeqkO617GoiT VNCLzRWHKoY7hNAvYZ5ISzceGYCKZuRWSIZaYaJNYyYTgLL68TNrVilOrVO+vyo16HkcRHIM TcAYccA0a4A40QQsQkIFn8ArerCfrxXq3PuatBSufOQR/YH3+ABknk6A=</latexit>
FIG. 6: Layered acoustic medium, consisting of DPS and DNG layers.
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α¯0 = −α0ω
2
0
ω2c
< 0, (77)
β¯0 = −β0ω
2
0
ω2c
< 0, (78)
h¯(ω) = −h(ω)ω
2
c
ω20
=
ω2c
ω(ω + iΓ)
, (79)
where ωc is the central angular frequency of the wave fields that will be considered. For
consistency with the low frequency assumption, we assume ωc << ω0. In Figure 6, the
parameters of the DNG layers are the mass density β¯0 and the phase velocity c0 = −(α¯0β¯0)− 12 .
The parameter Γ in the DNG layers is set to Γ = ωc/1000.
We consider a band-limited ultrasonic downgoing plane wave, incident to the layered
medium at x3,0 = 0 cm. The source function of the incident wave is defined as S(τ) =
(1 − 2pi2f 2c τ 2) exp(−pi2f 2c τ 2) (a so-called Ricker wavelet), with a central frequency fc =
ωc/2pi = 500 kHz. We use a wavenumber-frequency domain modelling method [61], adjusted
for metamaterials, to model the response to this plane wave. For the moment we consider
vertically propagating plane waves, hence, we take s1 = 0. The modelled reflection response
R(s1 = 0, x3,0, τ), convolved with the wavelet S(τ), is shown in Figure 7(a). This figure
clearly shows the non-dispersed reflection at 40 µs from the first layer interface at x3,1 = 2 cm.
It also shows the dispersed reflections from deeper interfaces, including multiple reflections
between the interfaces. Figure 7(b) is the modelled Green’s function G(s1 = 0, x3, x3,0, τ)
inside the medium, as a function of depth x3 and time τ . This serves as a reference for
the results we will obtain with the Marchenko method. To make the later arrivals visible,
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FIG. 7: Modelled wave field in the layered medium of Figure 6. (a) Reflection response
R(s1 = 0, x3,0, τ). (b) Green’s function G(s1 = 0, x3, x3,0, τ). (c) Transmission response
T (s1 = 0, x3,4, x3,0, τ). (d) Power flux density as a function of x3.
a time-dependent amplitude gain of exp(2.5τ/τmax), with τmax = 140µs, has been applied
in this display. This figure shows how the wave field propagates through the layers and
scatters at the interfaces. The downward and upward pointing arrows in the deepest layer
indicate the opposite group and phase propagation directions. The upward propagating part
of the upper trace in this figure is proportional to the reflection response R(s1 = 0, x3,0, τ)
(see equation (54)), which is shown separately in Figure 7(a). Similarly, the lower trace is
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proportional to the transmission response T (s1 = 0, x3,4, x3,0, τ), with x3,4 = 8 cm, which is
shown separately in Figure 7(c). The trace at x3 = 5 cm is equal to the superposition of
Figures 5(a) and (c). Figure 7(d) shows the power flux density j(x3), defined in equation
(31), divided by j(x3,0). In the DNG layers it decreases because Γ 6= 0 in these layers.
In a lossless medium j(x3) would be constant, i.e., propagation invariant. Its deviation
from being constant implies that the Marchenko method, which is based on propagation
invariants, cannot lead to exact results.
We use the Marchenko method discussed in section IV to retrieve the Green’s function
G(s1 = 0, x3, x3,0, τ) inside the medium from the reflection response R(s1 = 0, x3,0, τ), shown
in Figure 7(a). Apart from the reflection we response, we also need an estimate of the direct
arrival of the focusing function, f+1,d(s1 = 0, x3,0, x3,F , τ), which, according to equation (73),
follows from the inverse of the direct arrival of the transmission response. For this direct
arrival we need a background model of the medium. For the moment we use the exact
model, but in a later example we replace it by an approximate model. Figure 8(a) shows
f+1,d(s1 = 0, x3,0, x3,−τ) (convolved with S(τ)) for variable x3. The trace at x3 = 5 cm is
equal to Figure 5(b). Given the reflection response at the surface (Figure 7(a)), the direct
arrival of the focusing function (Figure 8(a)), and the depth-dependent onset times τ+on and
τ−on, we apply the iterative Marchenko scheme of equations (70) − (72) for 64 focal depths,
ranging from x3,F =1.25 mm to x3,F =8 cm, with steps ∆x3,F =1.25 mm. For each focal
depth x3,F we apply 5 iterations. The obtained focusing functions f
−
1 (s1 = 0, x3,0, x3,F , τ)
and f+1 (s1 = 0, x3,0, x3,F , τ) are subsequently used in equations (63) and (64) to obtain the
Green’s functions G−(s1 = 0, x3,F , x3,0, τ) and G+(s1 = 0, x3,F , x3,0, τ). These are shown
in Figures 8(b) and 8(c) for variable x3. Superposing these results yields the total Green’s
function G(s1 = 0, x3, x3,0, τ), see Figure 9(a). Figure 9(b) shows the difference of this
retrieved Green’s function with the directly modelled Green’s function in Figure 7(b) (the
same time-dependent amplitude gain has been applied as in the other figures). Note that
the difference is overall small. From the decomposed Green’s functions we can retrieve the
reflection response R(s1 = 0, x3, τ) for any x3 by inverting equation (74). The retrieved
response R(s1 = 0, x3,F , τ) for x3,F = 5 cm is shown in Figure 9(c). This is the reflection
response of the third interface at x3,3 = 6 cm in Figure 6, measured with a virtual source
and a virtual receiver 1 cm above this interface. We observe a single primary reflection event
at 8.0 µs; the multiple reflections occurring in the medium above x3,F have been properly
25
0              20              40              60              80             100           120           140
a)
⌧ (µs)
<latexit sha1_base64="VVomAtOgcNckBhAHYgAWVjTy0Vg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUp SBbssuHFZwT6gCWUynbZDZyZhHkII9VfcuFDErR/izr9x2mahrQcuHM65l3vviRJGlfa8b6ewsbm1vVPcLe3tHxweuccnHRUbiUkbxyyWvQgpwqggbU01I71EEsQjRrrR9Hbudx+JVDQWDzpNSMjRWNARxUhbaeCWA41McFkNuIF ZIDlUs4uBW/Fq3gJwnfg5qYAcrYH7FQxjbDgRGjOkVN/3Eh1mSGqKGZmVAqNIgvAUjUnfUoE4UWG2OH4Gz60yhKNY2hIaLtTfExniSqU8sp0c6Yla9ebif17f6FEjzKhIjCYCLxeNDIM6hvMk4JBKgjVLLUFYUnsrxBMkEdY2r5I NwV99eZ106jX/qla/v640G3kcRXAKzkAV+OAGNMEdaIE2wCAFz+AVvDlPzovz7nwsWwtOPlMGf+B8/gCMo5QG</latexit>
x3,0 = 0
<latexit sha1_base64="B7L+oNz69L2ZY7MxaAGulEWP1W8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5T dVrAXoeDFYwX7Ie1Ssmm2DU2yS5IVy9Jf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UqVZJO/NJKa+wEPJQkawsdLDUz+tXrjTa7d fLLlldw60SryMlCBDo1/86g0ikggqDeFY667nxsZPsTKMcDot9BJNY0zGeEi7lkosqPbT+cFTdGaVAQojZUsaNFd/T6RYaD0Rge0U2Iz0sjcT//O6iQlrfspknBgqyWJRmHBkIjT7Hg2YosTwiSWYKGZvRWSEFSbGZlSwIXjLL6+ SVqXsVcuVu8tSvZbFkYcTOIVz8OAK6nALDWgCAQHP8ApvjnJenHfnY9Gac7KZY/gD5/MHnqWPmQ==</latexit>
x3,1 = 2
<latexit sha1_base64="jWNmz9/u8ZQbm4/jxNsEOk1/bhw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5T dVrAXoeDFYwX7Ie1Ssmm2DU2yS5IVy9Jf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UqVZJO/NJKa+wEPJQkawsdLDUz+tXnjT60q /WHLL7hxolXgZKUGGRr/41RtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n84On6MwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExPW/JTJODFUksWiMOHIRGj2PRowRYnhE0swUczeisgIK0yMzahgQ/CWX14 lrUrZq5Yrd5elei2LIw8ncArn4MEV1OEWGtAEAgKe4RXeHOW8OO/Ox6I152Qzx/AHzucPozSPnA==</latexit>
x3,2 = 4
<latexit sha1_base64="FDlQAJRRkagmdzM/PSXOaPwtTGE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLL bFuxFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++2srW9sbm3ndvK7e/sHh4Wj45aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhm5rcfqdIskvdmElNf4KFkISPYWOnhqZ9WLsvT62q /UHRL7hxolXgZKUKGRr/w1RtEJBFUGsKx1l3PjY2fYmUY4XSa7yWaxpiM8ZB2LZVYUO2n84On6NwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExPW/JTJODFUksWiMOHIRGj2PRowRYnhE0swUczeisgIK0yMzShvQ/CWX14 lrXLJq5TKd9VivZbFkYNTOIML8OAK6nALDWgCAQHP8ApvjnJenHfnY9G65mQzJ/AHzucPp8OPnw==</latexit>
x3,3 = 6
<latexit sha1_base64="u8cfFeKpIgVxuGtWfjzxRJEx0Os=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLL bivYiFLx4rGA/pF1KNs22oUl2SbJiWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VuPVGkWyXszjqkv8ECykBFsrPTw1Esr55XJ9WW vUHRL7gxomXgZKUKGeq/w1e1HJBFUGsKx1h3PjY2fYmUY4XSS7yaaxpiM8IB2LJVYUO2ns4Mn6NQqfRRGypY0aKb+nkix0HosAtspsBnqRW8q/ud1EhNW/ZTJODFUkvmiMOHIRGj6PeozRYnhY0swUczeisgQK0yMzShvQ/AWX14 mzXLJq5TKdxfFWjWLIwfHcAJn4MEV1OAW6tAAAgKe4RXeHOW8OO/Ox7x1xclmjuAPnM8frFKPog==</latexit>
x3,4 = 8
<latexit sha1_base64="pth2ECyfiCdkgkC41uW4sU7eSqM=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLL bFuxFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++2srW9sbm3ndvK7e/sHh4Wj45aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhm5rcfqdIskvdmElNf4KFkISPYWOnhqZ9WLqvT61q /UHRL7hxolXgZKUKGRr/w1RtEJBFUGsKx1l3PjY2fYmUY4XSa7yWaxpiM8ZB2LZVYUO2n84On6NwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExPW/JTJODFUksWiMOHIRGj2PRowRYnhE0swUczeisgIK0yMzShvQ/CWX14 lrXLJq5TKd9VivZbFkYNTOIML8OAK6nALDWgCAQHP8ApvjnJenHfnY9G65mQzJ/AHzucPsOGPpQ==</latexit>
x3 (cm)
<latexit sha1_base64="ysGva9voj6R7xxb1a7duxpogL1U=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSl JK9hlwY3LCvYBTQiT6aQdOjMJMxOxhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPWHCqNKO820VNja3tneKu6W9/YPDsn103FVxKjHp4JjFsh8iRRgVpKOpZqSfSIJ4yEgvnNzM/d4DkYrG4l5PE+JzNBI0ohhpIwV2+TFoeJeZJzm sYn4xC+yKU3MWgOvEzUkF5GgH9pc3jHHKidCYIaUGrpNoP0NSU8zIrOSliiQIT9CIDAwViBPlZ4vDZ/DcKEMYxdKU0HCh/p7IEFdqykPTyZEeq1VvLv7nDVIdNf2MiiTVRODloihlUMdwngIcUkmwZlNDEJbU3ArxGEmEtcmqZEJ wV19eJ916zW3U6ndXlVYzj6MITsEZqAIXXIMWuAVt0AEYpOAZvII368l6sd6tj2VrwcpnTsAfWJ8/bPSSQQ==</latexit>
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b)
⌧ (µs)
<latexit sha1_base64="VVomAtOgcNckBhAHYgAWVjTy0Vg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUp SBbssuHFZwT6gCWUynbZDZyZhHkII9VfcuFDErR/izr9x2mahrQcuHM65l3vviRJGlfa8b6ewsbm1vVPcLe3tHxweuccnHRUbiUkbxyyWvQgpwqggbU01I71EEsQjRrrR9Hbudx+JVDQWDzpNSMjRWNARxUhbaeCWA41McFkNuIF ZIDlUs4uBW/Fq3gJwnfg5qYAcrYH7FQxjbDgRGjOkVN/3Eh1mSGqKGZmVAqNIgvAUjUnfUoE4UWG2OH4Gz60yhKNY2hIaLtTfExniSqU8sp0c6Yla9ebif17f6FEjzKhIjCYCLxeNDIM6hvMk4JBKgjVLLUFYUnsrxBMkEdY2r5I NwV99eZ106jX/qla/v640G3kcRXAKzkAV+OAGNMEdaIE2wCAFz+AVvDlPzovz7nwsWwtOPlMGf+B8/gCMo5QG</latexit>
x3,0 = 0
<latexit sha1_base64="B7L+oNz69L2ZY7MxaAGulEWP1W8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5T dVrAXoeDFYwX7Ie1Ssmm2DU2yS5IVy9Jf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UqVZJO/NJKa+wEPJQkawsdLDUz+tXrjTa7d fLLlldw60SryMlCBDo1/86g0ikggqDeFY667nxsZPsTKMcDot9BJNY0zGeEi7lkosqPbT+cFTdGaVAQojZUsaNFd/T6RYaD0Rge0U2Iz0sjcT//O6iQlrfspknBgqyWJRmHBkIjT7Hg2YosTwiSWYKGZvRWSEFSbGZlSwIXjLL6+ SVqXsVcuVu8tSvZbFkYcTOIVz8OAK6nALDWgCAQHP8ApvjnJenHfnY9Gac7KZY/gD5/MHnqWPmQ==</latexit>
x3,1 = 2
<latexit sha1_base64="jWNmz9/u8ZQbm4/jxNsEOk1/bhw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5T dVrAXoeDFYwX7Ie1Ssmm2DU2yS5IVy9Jf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UqVZJO/NJKa+wEPJQkawsdLDUz+tXnjT60q /WHLL7hxolXgZKUGGRr/41RtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n84On6MwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExPW/JTJODFUksWiMOHIRGj2PRowRYnhE0swUczeisgIK0yMzahgQ/CWX14 lrUrZq5Yrd5elei2LIw8ncArn4MEV1OEWGtAEAgKe4RXeHOW8OO/Ox6I152Qzx/AHzucPozSPnA==</latexit>
x3,2 = 4
<latexit sha1_base64="FDlQAJRRkagmdzM/PSXOaPwtTGE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLL bFuxFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++2srW9sbm3ndvK7e/sHh4Wj45aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhm5rcfqdIskvdmElNf4KFkISPYWOnhqZ9WLsvT62q /UHRL7hxolXgZKUKGRr/w1RtEJBFUGsKx1l3PjY2fYmUY4XSa7yWaxpiM8ZB2LZVYUO2n84On6NwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExPW/JTJODFUksWiMOHIRGj2PRowRYnhE0swUczeisgIK0yMzShvQ/CWX14 lrXLJq5TKd9VivZbFkYNTOIML8OAK6nALDWgCAQHP8ApvjnJenHfnY9G65mQzJ/AHzucPp8OPnw==</latexit>
x3,3 = 6
<latexit sha1_base64="u8cfFeKpIgVxuGtWfjzxRJEx0Os=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLL bivYiFLx4rGA/pF1KNs22oUl2SbJiWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VuPVGkWyXszjqkv8ECykBFsrPTw1Esr55XJ9WW vUHRL7gxomXgZKUKGeq/w1e1HJBFUGsKx1h3PjY2fYmUY4XSS7yaaxpiM8IB2LJVYUO2ns4Mn6NQqfRRGypY0aKb+nkix0HosAtspsBnqRW8q/ud1EhNW/ZTJODFUkvmiMOHIRGj6PeozRYnhY0swUczeisgQK0yMzShvQ/AWX14 mzXLJq5TKdxfFWjWLIwfHcAJn4MEV1OAW6tAAAgKe4RXeHOW8OO/Ox7x1xclmjuAPnM8frFKPog==</latexit>
x3,4 = 8
<latexit sha1_base64="pth2ECyfiCdkgkC41uW4sU7eSqM=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLL bFuxFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++2srW9sbm3ndvK7e/sHh4Wj45aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhm5rcfqdIskvdmElNf4KFkISPYWOnhqZ9WLqvT61q /UHRL7hxolXgZKUKGRr/w1RtEJBFUGsKx1l3PjY2fYmUY4XSa7yWaxpiM8ZB2LZVYUO2n84On6NwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExPW/JTJODFUksWiMOHIRGj2PRowRYnhE0swUczeisgIK0yMzShvQ/CWX14 lrXLJq5TKd9VivZbFkYNTOIML8OAK6nALDWgCAQHP8ApvjnJenHfnY9G65mQzJ/AHzucPsOGPpQ==</latexit>
x3 (cm)
<latexit sha1_base64="ysGva9voj6R7xxb1a7duxpogL1U=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSl JK9hlwY3LCvYBTQiT6aQdOjMJMxOxhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPWHCqNKO820VNja3tneKu6W9/YPDsn103FVxKjHp4JjFsh8iRRgVpKOpZqSfSIJ4yEgvnNzM/d4DkYrG4l5PE+JzNBI0ohhpIwV2+TFoeJeZJzm sYn4xC+yKU3MWgOvEzUkF5GgH9pc3jHHKidCYIaUGrpNoP0NSU8zIrOSliiQIT9CIDAwViBPlZ4vDZ/DcKEMYxdKU0HCh/p7IEFdqykPTyZEeq1VvLv7nDVIdNf2MiiTVRODloihlUMdwngIcUkmwZlNDEJbU3ArxGEmEtcmqZEJ wV19eJ916zW3U6ndXlVYzj6MITsEZqAIXXIMWuAVt0AEYpOAZvII368l6sd6tj2VrwcpnTsAfWJ8/bPSSQQ==</latexit>
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c)
⌧ (µs)
<latexit sha1_base64="VVomAtOgcNckBhAHYgAWVjTy0Vg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUp SBbssuHFZwT6gCWUynbZDZyZhHkII9VfcuFDErR/izr9x2mahrQcuHM65l3vviRJGlfa8b6ewsbm1vVPcLe3tHxweuccnHRUbiUkbxyyWvQgpwqggbU01I71EEsQjRrrR9Hbudx+JVDQWDzpNSMjRWNARxUhbaeCWA41McFkNuIF ZIDlUs4uBW/Fq3gJwnfg5qYAcrYH7FQxjbDgRGjOkVN/3Eh1mSGqKGZmVAqNIgvAUjUnfUoE4UWG2OH4Gz60yhKNY2hIaLtTfExniSqU8sp0c6Yla9ebif17f6FEjzKhIjCYCLxeNDIM6hvMk4JBKgjVLLUFYUnsrxBMkEdY2r5I NwV99eZ106jX/qla/v640G3kcRXAKzkAV+OAGNMEdaIE2wCAFz+AVvDlPzovz7nwsWwtOPlMGf+B8/gCMo5QG</latexit>
x3,0 = 0
<latexit sha1_base64="B7L+oNz69L2ZY7MxaAGulEWP1W8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5T dVrAXoeDFYwX7Ie1Ssmm2DU2yS5IVy9Jf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UqVZJO/NJKa+wEPJQkawsdLDUz+tXrjTa7d fLLlldw60SryMlCBDo1/86g0ikggqDeFY667nxsZPsTKMcDot9BJNY0zGeEi7lkosqPbT+cFTdGaVAQojZUsaNFd/T6RYaD0Rge0U2Iz0sjcT//O6iQlrfspknBgqyWJRmHBkIjT7Hg2YosTwiSWYKGZvRWSEFSbGZlSwIXjLL6+ SVqXsVcuVu8tSvZbFkYcTOIVz8OAK6nALDWgCAQHP8ApvjnJenHfnY9Gac7KZY/gD5/MHnqWPmQ==</latexit>
x3,1 = 2
<latexit sha1_base64="jWNmz9/u8ZQbm4/jxNsEOk1/bhw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5T dVrAXoeDFYwX7Ie1Ssmm2DU2yS5IVy9Jf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UqVZJO/NJKa+wEPJQkawsdLDUz+tXnjT60q /WHLL7hxolXgZKUGGRr/41RtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n84On6MwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExPW/JTJODFUksWiMOHIRGj2PRowRYnhE0swUczeisgIK0yMzahgQ/CWX14 lrUrZq5Yrd5elei2LIw8ncArn4MEV1OEWGtAEAgKe4RXeHOW8OO/Ox6I152Qzx/AHzucPozSPnA==</latexit>
x3,2 = 4
<latexit sha1_base64="FDlQAJRRkagmdzM/PSXOaPwtTGE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLL bFuxFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++2srW9sbm3ndvK7e/sHh4Wj45aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhm5rcfqdIskvdmElNf4KFkISPYWOnhqZ9WLsvT62q /UHRL7hxolXgZKUKGRr/w1RtEJBFUGsKx1l3PjY2fYmUY4XSa7yWaxpiM8ZB2LZVYUO2n84On6NwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExPW/JTJODFUksWiMOHIRGj2PRowRYnhE0swUczeisgIK0yMzShvQ/CWX14 lrXLJq5TKd9VivZbFkYNTOIML8OAK6nALDWgCAQHP8ApvjnJenHfnY9G65mQzJ/AHzucPp8OPnw==</latexit>
x3,3 = 6
<latexit sha1_base64="u8cfFeKpIgVxuGtWfjzxRJEx0Os=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLL bivYiFLx4rGA/pF1KNs22oUl2SbJiWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VuPVGkWyXszjqkv8ECykBFsrPTw1Esr55XJ9WW vUHRL7gxomXgZKUKGeq/w1e1HJBFUGsKx1h3PjY2fYmUY4XSS7yaaxpiM8IB2LJVYUO2ns4Mn6NQqfRRGypY0aKb+nkix0HosAtspsBnqRW8q/ud1EhNW/ZTJODFUkvmiMOHIRGj6PeozRYnhY0swUczeisgQK0yMzShvQ/AWX14 mzXLJq5TKdxfFWjWLIwfHcAJn4MEV1OAW6tAAAgKe4RXeHOW8OO/Ox7x1xclmjuAPnM8frFKPog==</latexit>
x3,4 = 8
<latexit sha1_base64="pth2ECyfiCdkgkC41uW4sU7eSqM=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLL bFuxFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++2srW9sbm3ndvK7e/sHh4Wj45aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhm5rcfqdIskvdmElNf4KFkISPYWOnhqZ9WLqvT61q /UHRL7hxolXgZKUKGRr/w1RtEJBFUGsKx1l3PjY2fYmUY4XSa7yWaxpiM8ZB2LZVYUO2n84On6NwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExPW/JTJODFUksWiMOHIRGj2PRowRYnhE0swUczeisgIK0yMzShvQ/CWX14 lrXLJq5TKd9VivZbFkYNTOIML8OAK6nALDWgCAQHP8ApvjnJenHfnY9G65mQzJ/AHzucPsOGPpQ==</latexit>
x3 (cm)
<latexit sha1_base64="ysGva9voj6R7xxb1a7duxpogL1U=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSl JK9hlwY3LCvYBTQiT6aQdOjMJMxOxhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPWHCqNKO820VNja3tneKu6W9/YPDsn103FVxKjHp4JjFsh8iRRgVpKOpZqSfSIJ4yEgvnNzM/d4DkYrG4l5PE+JzNBI0ohhpIwV2+TFoeJeZJzm sYn4xC+yKU3MWgOvEzUkF5GgH9pc3jHHKidCYIaUGrpNoP0NSU8zIrOSliiQIT9CIDAwViBPlZ4vDZ/DcKEMYxdKU0HCh/p7IEFdqykPTyZEeq1VvLv7nDVIdNf2MiiTVRODloihlUMdwngIcUkmwZlNDEJbU3ArxGEmEtcmqZEJ wV19eJ916zW3U6ndXlVYzj6MITsEZqAIXXIMWuAVt0AEYpOAZvII368l6sd6tj2VrwcpnTsAfWJ8/bPSSQQ==</latexit>
FIG. 8: Wavefield retrieval with the Marchenko method. (a) Time-reversed direct arrival of the
focusing function, f+1,d(s1 = 0, x3,0, x3,−τ). (b) Retrieved upgoing Green’s function G−(s1 =
0, x3, x3,0, τ). (c) Retrieved downgoing Green’s function G
+(s1 = 0, x3, x3,0, τ).
removed (apart from a very small remnant of a multiple reflection at approximately 24.0 µs).
The amplitude of the reflection event at 8.0 µs is 0.159, which is a slight underestimation
of the true reflection coefficient r3 = 0.180 for ω = ωc. This discrepancy is due to the loss
occurring in the DNG layer between x3,1 = 2 cm and x3,2 = 4 cm.
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FIG. 9: Wavefield retrieval with the Marchenko method (continued). (a) Total Green’s function
G(s1 = 0, x3, x3,0, τ) = G
+(s1 = 0, x3, x3,0, τ) + G
−(s1 = 0, x3, x3,0, τ). (b) Difference of the
retrieved Green’s function with the directly modelled Green’s function of Figure 7(b). (c) Retrieved
reflection response at x3,F = 5 cm of the interface at x3,3 = 6 cm.
To emphasize what we have achieved with the Marchenko method we repeat this numer-
ical experiment with a method that handles primaries only (to this end, we use the same
method as before, but apply zero iterations for each focal depth). Figure 10(a) shows the
retrieved Green’s function G(s1 = 0, x3, x3,0, τ) and Figure 10(b) the difference with the
directly modelled Green’s function in Figure 7(b). Note that this difference is significantly
stronger than that in Figure 9(b). Figure 10(c) shows the retrieved reflection response
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FIG. 10: As Figure 9, but using using a method that handles primaries only.
R(s1 = 0, x3,F , τ) for x3,F = 5 cm, obtained by inverting equation (74). The amplitude of
the retrieved reflection event at 8.0 µs is now 0.096, almost a factor two too low. Moreover,
the events directly following this reflection event are caused by multiple reflections in the
medium above x3,F , which obviously have not been removed by this method.
In practice we don’t know the exact model, so we can obtain only an estimate of the
direct arrival of the focusing function and of the onset times τ+on and τ
−
on. We apply the same
Marchenko method as above (again with 5 iterations for each focal depth), but this time
we use erroneous phase velocities c0 of 975, −2050, 2550 and −1950 m/s in the four layers
(and the same numerical values for the mass density). Because of the erroneous velocities,
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FIG. 11: (a) As Figure 9(c), but using erroneous phase velocities. (b) As Figure 9(c), but for
s1 = 40µs/m and using erroneous phase velocities.
the traveltimes of the retrieved Green’s functions are erroneous as well, but the multiple
reflections are correctly handled [62]. Figure 11(a) shows the retrieved reflection response
R(s1 = 0, x3,F , τ) for x3,F = 5 cm. We observe a single reflection event at 7.6 µs and hardly
any remnants of multiples, which confirms that the multiple reflections occurring in the
medium above x3,F have again been properly removed. The phase of the reflection event is
distorted, but the envelope (indicated by the dashed line) has a peak value of 0.149, which
still approximates the true reflection coefficient r3 = 0.180 reasonably well.
Finally, we repeat the numerical experiment, using the same erroneous phase velocities,
for a dipping plane wave with a small non-zero horizontal slowness s1 = 40µs/m. The
propagation angle α for ω = ωc is related to the slowness s1 and the phase velocities c0 of
the different layers via α = arcsin(s1c0). For s1 = 40µs/m, the angles in the four layers of
Figure 6 are 2.29o, −4.59o, 5.74o and −6.89o, respectively. The retrieved reflection response
R(s1 = 0, x3,F , τ) for x3,F = 5 cm is shown in Figure 11(b). The amplitude of the retrieved
reflection response of the third interface is 0.157, which is a reasonable approximation of the
true reflection coefficient r3 = 0.181 for ω = ωc and s1 = 40µs/m.
VI. CONCLUDING REMARKS
We have shown that the Marchenko method, which retrieves the wavefield inside a
medium from its reflection response at the surface, can be extended for metamaterials.
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The method holds, in the low frequency limit, for elastodynamic and electromagnetic waves
in layered media, consisting of a mix of natural materials and metamaterials. Multiple scat-
tering between the layer interfaces is properly taken into account. We have shown with
a numerical example that the method accurately retrieves the response to a source at the
surface, observed by virtual receivers inside the medium. By deconvolving the retrieved
upgoing field by the retrieved downgoing field, we accurately obtain the reflection response
between a virtual source and a virtual receiver, both inside the medium.
The method works well for vertically propagating plane waves and for dipping plane waves
with small horizontal slownesses, corresponding to propagation angles up to approximately
7o. For larger horizontal slownesses the method becomes unstable. Due to the strong
dispersive behaviour of the DNG layers, the propagation angle for a fixed horizontal slowness
is frequency-dependent and can quickly become post-critical for high frequencies, which
explains the unstable behaviour. A possible remedy is to remove the high frequencies from
the source spectrum, but this will go at the cost of resolution. Further research is needed to
optimize the proposed method for a wider range of propagation angles.
The proposed method can potentially be used in any application of metamaterials where
knowledge of the wavefield inside the medium is required, for example in non-destructive
testing of layered materials, where anomalies of the retrieved reflectivity may be used to
determine the precise location of a delamination.
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